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Scale invariance

I Mathematically:
f (αx) = αk f (x)

I What kind of function may fulfill it?

df (αx)

dα
= xf ′(αx) =kαk−1f (x)

xf ′(x) =kf (x)

I Solution
f (x) = Cxk

I Power law functions are scale free
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Dimension
I d = 0 point, d = 1 line, d = 2 plane, etc. Containing space.
I Dimension of a finite object: Cover it
I Hausdorff (fractal) dimension
I Minkowski–Bouligand dimension
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Fractal dimension

I Fractal dimension
I Cover the object with boxes of size ε, the fractal dimension is:

D = dim(S) ≡ lim
ε→0

logN(ε)

log 1/ε

I Differences:
I Minkowski–Bouligand: Regular lattice is used
I Hausdorff: Spheres of given size are used.

I In practice
N(ε) ∝ εD
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Fractal dimension: Example

Koch curve
I Start from unit segment
I Hausdorff dimension: cover it with spheres of size l = 3−i

I Number of spheres needed Nl = 4i (take level i !)
I Fractal dimensions:

D =
logNl

log 1/l
=

i log(4)

+i log(3)
= log3(4)
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Fractal dimension: Other methods
I Sandbox method: M ∝ LD

I Correlation functions

C (r) = 〈ρ(r)ρ(0)〉 ∝ r−α

D = d − α
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DLA: Lattice effects
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DLA: Lattice effects
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Ballistic deposition

I Lattice

I Off lattice
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Surface growth models

I Not the whole object but only its
surface is interesting (e.g. coastline)

I Object starts from a d -dimensional
substrate

I Object grows in the d + 1th dimension.
I Object is described by h(x) (x is a

d -dimensional position vector) height
function which is the maximum surface
position at x.

I Width of the surface

w(L, t) =

√
1
L

∫ L

0
[h(x , t)− h̄(t)]2dx

h(x)
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Family-Vicsek scaling
I Change of width in time

I Scaling relation:
w(L, t) ∝ Lαf (t/Lz)
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Theory: The KPZ-equation

I Surface growth ḣ(x, t)

I Function of: position(?), height, gradient, Laplace of height,
noise

ḣ(x, t) = f [x, h(x, t),∇h(x, t),∆h(x, t), . . . , η(x, t)]

I Normally:

ḣ(x, t) = f [h(x, t),∇h(x, t),∆h(x, t), η(x, t)]

I Gaussian noise:

〈η(x, t)η(x′, t ′)〉 = Aδ(t − t ′)δ(x − x ′)

P(η) =
1√
2πσ

exp
(
− η

2

2σ

)

Page 12



The Kadar-Parisi-Zhang equation

I Growth is lateral, up to second order

ḣ(x, t) = f [(∇h(x, t))2,∆h(x, t), η(x, t)]
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The Kadar-Parisi-Zhang equation

ḣ(x, t) = ν∆h(x, t) + λ(∇h(x, t))2 + η(x, t)

I Nonlinear
I Stochastic
I Partial differential equation
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Discretization in 1D of the KPZ-equation
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Numerical solution of the KPZ-equation

I ξ is a random number with zero mean (can be Gaussian, or
uniform)

I Due to noise Euler scheme is enough:

hi (t + ∆t) =hi (t) + ν
∆t

(∆x)2
[hi+1(t)− 2hi (t) + hi−1(t)] +

+
λ

4
[hi+1(t)− hi−1(t)] + ξi

I Critical exponents and and universality classes α = 1/2,
z = 3/2
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Boundary conditions

I Real boundary conditions
I Closed (nothing)
I Walls (with temperature)
I Substrate (often too expensive)

I Computer based boundary conditions
I Periodic boundary conditions
I Absorbing (whatever leaves is gone)
I Reflecting (everything is reflected back)
I Walls (some potential)
I Substrate (fixed basis)
I Wall with temperature
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Boundary conditions: Examples
I Periodic boundary conditions
I Walls (some potential)
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Boundary conditions: Examples

Periodic boundary conditions

Substrate (fixed basis)
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Periodic boundary conditions

Page 20



Periodic boundary conditions → contacts
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Periodic boundary conditions
I Infinitely many neighboring cells if long range interactions
I Possibility of self interaction (must be charge neutral)

I General solution: long range interactions are handled in
k-space

I Linear momentum is conserved
I Angular momentum is not conserved
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Periodic boundary conditions

Distance
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Periodic boundary conditions deformed box

I Box is tilted, positions of particles artificially moved
I Homogeneous shear
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Periodic boundary conditions deformed box

Distance

I Order matters
I Tilted: by Dxy , Dxz , Dyz
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Periodic boundary conditions Lees-Edwards boundary
conditions → shear

I Images are shifted
I Particles gain velocity
I Different from box tilt

Page 26



Molecular dynamics

MD: Molecular dynamics
DEM: Discrete element method
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Molecular dynamics

Simulate nature
I Solve Newton’s equation of motion

mi r̈i = fi = fexti +
∑

j

f intij , i , j = 1, 2 . . .N
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Application of molecular dynamics

I Molecular systems (classic potentials, temperature)
I Biophysics
I Structural biology
I Glasses
I Amorphous materials
I Liquids

I Granular materials (hard core, dissipative)
I Stones, seeds, pills
I Railbed

I Pedestrians
I Astrological systems (conservative, large scale)
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Program

I Have an algorithm to calculate forces
I Get list of interacting particles
I Determine accelerations and velocities; step particles
I (Set temperature)
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Forces
Internal forces

I Pair potential:
f intij = −f intji = −∇V (rij)

I Many body potentials (molecular bonds)

f intijk = F(ri , rj , rk)

I e.g. 3-body Stillinger-Weber potential:

I Friction forces (next slide...)
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Friction forces

I Moving:

I Stationary:
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Friction forces

I Position is not enough to set friction forces
I No movement → no friction forces
I Solution:

We need history:

Page 33



Contact history

I Position is not enough to set friction forces
I Normal force:

Fn = knδnij −meffγn∆vn

I Tangential force:

Ft = kt∆st + meffγt∆vt

∆st = nt

∫ t

tc

{
∆vt(t ′) + [ωi (t ′)ri − ωj(t ′)rj ]

}
dt ′

I Limit ∆st to satisfy |Ft | ≤ µFn
I k stiffness, γ damping (critical)
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Program

I Have an algorithm to calculate forces
I Get list of interacting particles
I Determine accelerations and velocities; step particles
I (Set temperature)
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Find pairs

Now we know how to calculate forces. How to get pairs?
I All pairs: ∼ N2 calculations. Only if there is no other way!
I Short range interactions: box method
I Long range interactions: k-space
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Bucketing algorithm
Finite interaction length L

I Grid with size L
I Grid of array with particle indexes in box
I Maximum number of neighbors or dynamic array
I If there is vmax then L′ = L + vmax∆t, then reset array every

∆t timesteps
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k-space solution

I Long reange interactions (e.g. Coulomb) cannot be cut off
I Often more periodic images are needed
I k-space (Fourier-transformation in 3d!)

I Solution of linear problems by Green’s-function
I Coulomb problem: in Fouier space → multiplication!

I Ewald summation:
I Handle short range in real and long range in k-space
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Program

I Have an algorithm to calculate forces
I Get list of interacting particles
I Determine accelerations and velocities; step particles
I (Set temperature)
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Euler method

I Velocity:
∆v
∆t

= F/m

∆v = F/m∆t

I Displacement
∆x = v∆t

Too bad!
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Runge-Kutta method

I Fourth order method
I Very precise but

I Four times force calculation
I No energy conservation (non-sympletic)
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Leapforg method

I Calculate v(t + 1
2∆t) = v(t − 1

2∆t) + a(t)∆t
I Calculate x(t + ∆t) = x(t) + v(t + 1

2∆t)∆t
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Verlet method
I Calculate v(t + 1

2∆t) = v(t) + 1
2a(t)∆t

I Calculate x(t + ∆t) = x(t) + v(t + 1
2∆t)∆t

I Derive a(t + ∆t) from the forces
I Calculate v(t + ∆t) = v(t + 1

2∆t) + 1
2a(t + ∆t)∆t
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Sympletic integrator

I Energy (slightly modified) is conserved
I Time reversibility

I Verlet
I Leapfrog

I Most molecular dynamics methods use Verlet!
I Forces are calculated once per turn
I Microcanonical (NVE) modelling can be only done with these
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Multiple time scale integration

I Different force range
I Short range change fast
I Long range change slowly

I Recalculate long range forces only in every nth times-step
I Forces are calculated once per turn

I Typical examples:
I Intramolecular forces: strong, high frequency
I Intermolecular forces (e.g. Lennard-Jones, Coulomb) slow
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Error

Method Error Cumulative error
Euler: ∆t3 ∆t
Runge-Kutta: ∆t5 ∆t4

Verlet: ∆t4 ∆t2

Leapfrog: ∆t4 ∆t2
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