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Superconductivity —zero resistance
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Comm. Phys. Lab. Univ. Leiden, No. 120b (1911)

Heike Kamerlingh Onnes
1911: discovery of superconductivity

1913: Nobel prize in Phyics
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Below a certain temperature the resistance
becomes zero — SC phase

RESISTAMNCE tmahmi

TEMPERATURE IK]
From a high-Tc: Phys. Rev. Lett. 58, 908 (1987).



‘ Superconductivity — Meissner effect
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Superconductivity — matierials
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SC — diamagnetism, phase diagram ‘
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Superconductivity — BCS microscopic theory

*Microscopic BCS theory (Bardeen, Cooper, Schrieffer):

- The electron-phonon coupling can introduce an attractive interaction between the electrons which may
overcome Coulomb repulsion. The phonon mediated attraction is a local interaction, V, ,=-(2A/v)3(r,-r,).

« The ground state of two electrons with attraction is a bound state with E=-2A, where A=hwyexp(-1/A) is
the superconducting energy gap. (A(T=0)=1.76k,T., approaching T, it vanishes by (T.-T)¥2.) In the SC state
bound states of electron pairs with k{ and -kT are formed (Cooper pairs)

« The superconducting order parameter is a complex number with the absolute value equal to the gap, and
the phase ¢.

@ @ Naive picture: an electron moving in the lattice attracts the
o - ions, which will than attract the next electron passing by.
@ @ Energy gap in the excitation spectra
4t
ky 3
= 27
1
kx kx 0 ‘
. . , , -2 -1 0 1 .
Electron-hole pair Cooper-pairs Bogoliubov quasi-
excitations in a Pairing of electrons particles: electron hole — €/A
Fermi liquid on the FS excitations of SC

A . . . ) V describes the attractive
Hg = ng (Cmcm + Ck¢Ck¢)+ Ac,C +AC, Cp, A=V <C_k¢ck¢> interaction, & is measured from
“ pairing the Fermi energy.




The phase of the macroscopic wave
function is important e.g. for Josephson
effect

Macroscopic wavefunction ‘

The SC state can be described using a macroscopic wave i(o(‘r‘)
function: p(r)= ‘W(r)‘e

‘W(I’)‘z —y*y = ns(r)‘ Denisty of SC charge carriers

Current operator and the calculated current (driven by
phase gradient):
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| Flux guantization |

e*

w‘z(tho +e'A)
m

y =lyle'” jo=-

Integral along the loop — ¢ should be single valued —
same as Bohr-Sommerfeld quantization of momentum
Inside the loop (further than the penetration depth) j.=0,
therefore the integral along contour T is zero:

§>(th0 + e*A)ds =0

r

*

§V¢ds+e—jrotAdf =0 27zn+e—CD=O
r h n

The flux threading the T contour:

h
-=NnP, £:2-10‘15l2:2.10‘7 62
e 2e m cm e 1

O =n

Flux quantization



S, I s, | Josephson effect (traditional approach)

P x | . | |
_ [ a4 _ i Macroscopic wave functions. |y|2~ particle density (p)
VimNAE Vo =AP2® + phase difference (6=¢,~¢,)

We apply a voltage of eV on the junction!

. d 2eV . 1 . i 2eV i i

i7— L = w,+ Ty, = ih| ——pe"* +,/petig |=——. pe*+T,p,e"”
dt 2 2.4/ oy 2

dy 2eV
ih—2 =— +Ty, = ...
at 5 ¥, v,

Dividing by e¥! (or ei*2) and writing the equations separately for the real and imaginary part:

. 2T . . 2T .
p1=7\/plpz SING, o, = ===/, SINO

&1:—1 e 4152:—1 Pross+ 28V
n\ p 2h n\ p, 2h

The current is proportional to dp,/dt=-dp,/dt: || = l,sino

Subtracting the equations for the phase: 5 — 2€_V _— 5('[) — 50 + EJ‘V (t)dt
h h

Josephson
equations
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Josephson effect (traditional approach) |
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Quasiparticle tunneling
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Supercurrent > tunelling of Cooper pairs

A /
/’ /P
-7 eV
A\ >
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| =1,sino

AC-Josephson effect

Applying a constant bias voltage:

| = Iosin(50 +%j

An AC current with ®=2eV/h is flowing.
The DC current averages to zero.

Remark: This is for a tunnel junction (could
be different for large transmission)



| DC SQUID

Superconducting quantum interferometer device (SQUID):

Two Josephson junctions in parallel in a "loop" geometry. The loop encloses a magnetic flux of @

1 The superconductor has a well-defined phase at every position. -> The pase
difference between A and B is constant for all trajectories

s (B-di)= 5+—jAds = (-4, 5+—jAds
2e ()

e e — 52—51=—§>Ads Co=227—
Let us take: 51 - 50 +%(D, 52 = 50 —%(D h h CDO
| =1, +1,=1,[sin(5, + ed /1) +sin(5, —ed / 1)| = 21, sin 5, cos(ed / 1)
| oy = 21|cOS(e® / 72)

The maximal value of the critical current is tuned by the magnetic flux:

Here we neglected the self-inductance of the ring

. \V4 0 | 5 D/D A
Measurement: current bias at treshold -

Measure switching voltage
Source: Wikipedia



S I 5, RCSJ model

o= ¢2 - ¢1
do 2eV N AV V
PP I =1 1 1;=1. C'—
| dt 5 p+In+1; sin(d) + 7t R
—_ u_-;‘ N 1- 2 ~ ~
Iy = lesin(9) > I =1.sin(0) + i?C d ? + - h_do
I (’(ﬂ hC' d26 h do d
D — : ( 1 ( . .
dt — + — 1 —cos(0)) — =
, 2 a2 T aerar T s el meos0) = 10) =0
el Y
Hi A\? 4% (h\’1ds d :
Similar to the motion of a particle in (I) C—s5 7o (Z) i %E_m[l —cos(d)) = 10) =0
potential, with friction \ .
d?a d:
MO 475 VU () =0 u(s)
dt- dt
s Eio = Tt
Ulx) = ke’ In case of a harmomic ’ 2e
SS9 oscillator U(d) = Ej0 — Ejgcos(60) — Ejld
_ | L\
(2 = )— kM Quality factor M — () O
27 ] 2¢ )
9 k .
W = — Resonancy frequency N
m without 7= (Z) 7

with damping




E\? 4% A2 1dS d _ . .
2Y el () 2 e (1~ cos(8)) — 18) = 0
(2{') dt? (26) Rdt do 70! cos(9)) 2

c=—= X [R]
- d*x dr

M— +7v—+VU(x)=0
dt- dt
The equation decribes the motion of the phase in a
u(s) ,washboard potential” potential
A o [=0 If the particle manages to get out of a minimum of the
gt ‘ >~ potential, (happens for I>l_, when the potential have an
inflection) the phase changes, and DC voltage appears
.  1/l=0s5 ©n the junction (Josephson relation)
. R
' | U(8) = Ejg— Ejgcos(8) — Ejold = Ejo(—1+62) + Ej0 — Ejold = E 62
1/1,=0.9 ’ o
:_-.\ ' Luz _ Luz _ )ll— _ I 2f
v>0 <« N\ [>] | ! PE “hC
_ .

- 5 For no extenal current and weak damping oscillations in the
potential well

I>1_: part of the current must flow as | or |, -> finite junction voltage |V| > 0> time varying |, 2> |+
I, is varying in time = complicated non-sinusoidal oscillations of I,

| » Ic — almost all current flows on the resistor 2V is ~ constant = sinusoidal oscillation with time
average O



p
A I
// eV underdamped
1 > large Rand C — >
/.~ | overdamped Q>>1 2N .-
smallRand C | >
Q<1 2A
— g

Overdamped: Q<<1 -- second derivative can be Underdamped Q>>1 --
omitted.

Viscous drag dominates — velocity proportional
slope of washboard

For I>1_ , d=sin’(l) solution, V=0

If I>I. it escapes the potential, however, at I<I_
retraped immediately, no hysteresis

if 1 goes over |_than the
inertia is bigger than the damping, it will roll down
continuously. Hysteresis — only traps at smaller
current when kinetic energy=damping. For zero
damping only traps at O current.

Large C - shunt oscillating part of V =2 <I>=0
Down to mg,

V() = LR (11)2 1 _

~ _ [CR.-' {I :I[ 1’}): /
o < el ) =In(( :

Sinusoidal supercurrent = averages to zero
Normal current flows = hysteretic behaviour



Fabrication: e-beam lithography and shadow evaporation
(b)
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AVAIO/ALI junction

T

Shadow, not used structures remain

T Niemczyk et al., Supercond. Sci. Technol. 22, 034009 (2009)
Wu Yu-Lin et al., Chin. Phys. B. 22, 060309(2013)

Josephson junctions
Fabrication
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RCSJ model

Thermal or quantum escape

Thermal escape: Due to the phase motion at higher
temperature and/or larger current particle can escape:

(1—(I/1)%)"* Us
R TP\ kT

Here U,(E,,, I/1.)

This is a stochastic process, the switching current varies.
The distribution of I_ can be known.

For low temperatures the phase particle can tunnel out:
macroscopic quantum tunneling — finite voltage
appears on the junctions (if it is underdamped enough)

U ~
'y = Aexp (——OB) B~1

ﬁtu'pg
(a) switching current, | [uA]
3205 321 321.5 322 3225

Nb JJs 4
At high T, thermal g 3
escape, at low T, =
macroscopic = =

. o
quantum tunneling 1
dominates 5

Walfraff et al., Rev. of Sc. Instr, 7, 3740 (2003)
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s, I s,
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By tuning the potential of a single Josephson junction (washboard potential), such,
that it is asymmetric, close to the critical current

Phase qubit — current biased JJ

If, 1=I_and it only houses 2-3 levels, the lowest two forms a qubit

b) U\ <\V>=0 <V==1mV Operation:
IE ) 30, /"“‘\\ > Anharmonic oscillator, qubit states are separated
qubit 1) Make transitions with microwave pulses ®,, and
states | |0)\__~ ; prepare state — AC current pulses

Readout: A pulse with frequency o, is applied.
As the barrier for state 2 is small, the state can tunnel

5 -ﬂpmz 0.32 pl'0 | P, | out = changing phase -2 finite voltage appears
O R : ]
5_10_1 L'JOO '.
= r Qo .. t " . - . .
S P10 o “delay P21 If the qubit was in state 1 it will be resonant for the
[ _ :-H ..... “.0 i e, .
g [ Pm002 Tog, Tresster e ] readout pulse ,,, if in state 0 not.
8 OD(JO . S0, 1
Q 10-2_ [s] L](]CU.:; ) O‘talt. .
S | | "0 %000 © 5 000 ] For superpositions, it will tunnel out with a
0 200 400 600 800

probability corresponding to state 1. To measure
these probabilities, multiple measurements on the
qubit prepared in the same way is needed.

tdelay ( ns )

T, measurement
Populate state 1 and wait before readout
The measured signal will decay as the waiting time increased — measure of T,

J. Martinis et al., Phys. Rev. Lett., 89, 117901 (2002)
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