Lecture 1: Potential theory |

Reproduce the expressions of gradient, divergence, curl and Laplacian in cylindrical
and spherical coordinates.

Prove
AV = grad div ¥ — curl curl ¥

Lecture 2: Potential theory Il

Consider the solution of the Legendre equation
d dP
—[(1 —x2)—] I+ 1DP =0
dx dx

using the Frobenius Ansatz

P(x) = x% Z a,xm

n
Compute a and derive the recurrence relation satisfied by the coefficients a,,.

In the calculation of the edge effect we substituted y=(1-x)/2 in the Legendre
equation. Apply the Frobenius Ansatz in the variable y

P(y) = y“ Z a,y™
n

and show that o = 0.

Lecture 3: Potential theory Il

Consider the associated Legendre equation
d dpP
- Y W —
—la x)dx]+[z(z+1) -

Assume that m = 0 and expand the solution around x = 1 by introducing the new
variable y = 1 — x and writing

2

m
— 2 P =0

P(y) = y“ Z a,y™
n

Show that the appropriate solution for a is « = m/2.

Using the properties of the associated Legendre functions, show that the spherical
harmonics

21+ 1 —m)! .
Yzm(9,¢)=\/ 4_; EZ_I_Z;!PIm(COS 6)eime

satisfy the orthogonality relation

f dQ Y™ (6, p)Y;™ (6, d)" = 8yt Sy



The completeness property of the spherical harmonics states that any function
f (8, d) square integrable on the unit sphere can be expanded as

o]
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[=0m
Show that

Com = f d0f(0,$) Y (60, )"

Express the Descartes components of the electric dipole moment with the spherical

multipole moments
Dy _CI1,—1 —q11
<py) = 2?7{ i(q1,-1 + q1,1)

Pz \/E(h,o

Lecture 4: Surface effects in conductors. General theory of wave guides

Following the methods used in the lecture, derive the splitting of the equation
VxB = —ia),uel??>
Into components parallel and perpendicular to the z direction.

Using the general wave guide equations verify that the following relation holds
between the transverse fields
— 1 N -
HT = Zez X ET
where the wave impedance is given by
k k [u
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Lecture 5: TEM, TE and TM modes in wave guides

7 =

Finish the computation of the energy per unit length U and check that the energy

velocity
P

szﬁ

(computed as the ratio of the transmitted power P and the energy per unit length U)
agrees with the group velocity

both for the TE and TM modes.



Lecture 6: Resonant cavities

No homework assigned.

Lecture 7: Electromagnetic waves in matter, dispersion, Kramers-Kronig relations

1. Starting from the Lorentz-Drude formula

1
er(w)—1+z Jq]

€om; a) w? —iyjw
compute
N2g?2 ")
Im & (@) = Z e}n? 2 y} 2, .2
7 j (a)j —wz) + 7/ w?
2. From
1 (” e(w)—1
)=1+—| do————
ér(w +18) +2nif_ooww’—a)—i6
derive the relation
1 *© e (w)—1
er(w)=1+—.Pf dw’¥
wi J)_o W —w

using the distribution identity

. 1
Py =iz Dx T

Lecture 8: Multipole radiation

1. Quadrupole radiation - angular dependence
Assuming cylindrical symmetry around axis 3

Q : .
Q33 =Qo, Q11 =02 = —70, while Qj, =0 for j#k
show that
dP  Zyw°

2
a0 =" Si2n Qosm 6 cos? 0

Lecture 9: Scattering of EM waves
1. Radiation part of electric field of oscillating electric and magnetic dipole

In the previous lecture we obtained the vector potential
Uo e—iwt+ikr

A)rad (t, %) = i r d(k, %)

where up to the electric and magnetic dipole terms



1
a(k, %) = —iw (ﬁ o7 X 9?)
Compute the electric and magnetic field strength of the radiation emitted in direction
X = 7 and verify that
- 1 e

E.qq = k?
rad 477.'60

ikr . 1 . .

[(ﬁXﬁ)Xﬁ—Eﬁxm] Hradzz_nXETad
0

2. Take an inhomogeneous medium with position dependent linear response
coefficients:

€(X) = €+ 8e(x) u(x) = i+ 6u(x)

Derive the wave equation for the magnetic field

1 — — - — —
(A — C_—Za,_?) B = —fid,curl (D — €E) — curl curl (B — jiH)

Lecture 10: EM field of a moving charge

1. Trajectory of charge: g(t)
Derive

_ Hod v (%)
AT R — E(a - R

A b

2. Magnetic field strength
1
Hi = _EijkajAk = Eijkaj <
Ho

Do the differentiation using
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and show that
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g=_4 /33(1_32)+uoq ( _ )
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3. Derive the potentials for a charge in uniform motion using Lorentz transformation!

In rest frame: ®(t,x) = A, %) =0

q
4me,y|X|



Transformation to coordinate system moving with uin direction z:
uz
t’=y(t—c—2) x'=x y' =y z' =y(Ez-ut)

ud
o' =y(@—-ud,) A,=A, A;,=Ay A’Zzy(A —C2>

Hint: we need @' (t’,x') and A’ (¢, %")!

Derive the fields using Lorentz transformation!

In rest frame: E(t, X) = —— == B(t,%) =0
4me, | x|

Transformation to coordinate system moving with uin direction z:

! uz ! !/ !
t=y(t—c—2) x'=x y' =y z' =y(z—ut)

E; =y(E, —uB)) E, =y(E, +uB,) E.=E,
uk,, , uk, ,
B ]/(B +—> By=)/(By—c—2> BZ=BZ

Hint: we need E'(t’,x") and B'(t', ")!

Lecture 11: Radiation field of accelerated charge

Using
2

Pz fx((ﬁ—ﬁ)xﬁ)
dan ~ 16n? (1—5- 2)5

derive the angular distribution for the radiation of a charge in circular motion:

d0 ~ 16m2c? (1 —Bcosh)? ¥?(1 — B cos 6)?
o 1 4 202 cos? ¢
A+ | (A +12677

dP  Zyq*a® 1 { sin? 8 cos? ¢ }
} for ultrarelativistic motion

using the following ch01ce of coordinates
ﬁ = Be, /3 = —ex X = (sin6 cos ¢,sin O sin ¢, cos )

. % a
B-X=pcosb ,3-9?=Esin6cos¢

. Compute the energy loss for ultra-relativistic particles in a circular accelerator
starting from the relativistic generalisation of Larmor formula:

j‘deP ZoCI 6( (BXa))

Zoqzcz( w )4 2mr

Show that

~ —

~

6mr? \mc? c

which becomes



4

W =

Zoqc( W

3r (mcz>

under one revolution.

(a) Estimate the energy loss per particle per revolution in the LEP2 (Large
Electron-Positron Collider) of circumference 27 km for electron/positron
beams of energy W = 100 GeV. What is the power requirement to keep the
beam energy constant, if the total beam current is 2x5 mA, and the efficiency
of the accelerating radio-frequency cavities is 50%?

(b)Do the same calculations for the LHC (Large Hadron Collider), which
accelerates two proton beams in the same tunnel as the LEP2, with beam
energies of W = 7 TeV, with a total beam current of 2x5 A.

(c) What is the magnetic field required for keeping the beams on the appropriate
circular trajectories for the LEP2 machine? How does this compare to the
magnetic fields required for the LHC?

. Compute the energy loss for ultra-relativistic particles in a linear accelerator
starting from the relativistic generalisation of Larmor formula:

j‘deP ZoCI 6( (BXa))

Zyq? (dp>
67Tm2C2 dt

Show that

and
P Zoq? dW
W  6mm2c3 dx
Assuming that the accelerated particle is an electron and using

aw £
dx — 4

show that the critical field above which no further acceleration is possible (losses
are larger than the energy gain) is

|4
E~27-10%°—

m
Note that this is much larger than the theoretically achievable maximum static
field strength in vacuum:

V
Emax ~ 1018%

According to quantum electrodynamics, fields larger than this value lead to a run-
away pair production of electrons and positrons, known as the Schwinger effect
and similar to the breakdown of insulators over a critical field strength.

Lecture 12: Radiation of a moving charge: distribution in frequency and angle

No homework assigned.



Lecture 13: Cherenkov and transition radiation

1. Compute the electric and magnetic fields of a moving charge in variables X, w.
Starting from the solution in variables k, w

S, o 2miq 6(w k- v) =, L =, -
E(w k) =— v—k Blw, k) = X E(w, k
(@08) = (o D) 75— B(wF) = ued x E(w,F)
use the inverse Fourier transform to derive
. iq/’lz o elisAr . igA foo selsAr
E ) = - d E ’ == - d
00 = e LB vt BT T e ) P Ter
with
w v2
ﬂ._;\/l—‘UElﬂ:— 1_C_2
n

in a coordinate system where ¥ = (0,0,v) X = (r,0,0). Using the formulae

o0 isz d
2K,y (2) =f ds and K,(z) = ——K,(2)

N dz
establish that
4 qﬂ' 4 = iqﬂ‘z
E.(w,Xx) = EZKl(Ar) Ey(w,%) =0 E,(w,X)=— yy— 2Ky (Ar)
B,(w,X) =0 By(w,%) = pevEy(w,X) B,(w,X) =0

2. Starting from the expression valid for large r

dw ilev? 2mA
— = —er dw | — |E,(w,X)|? E.(wX)=~ d —
dz e (@)<v w dmev || T

compute in details the Frank-Tamm formula for energy lost per unit distance by
Cherenkov radiation:
aw q?

- am . dwa),u(a))|1
‘U>m

2

" v2n(w)?

where n(w) = /€ (0)u,(w)

3. The depth d(w) of the region emitting transition radiation satisfies
w1
— (— — n(w) cos 0) dlw) =1
c\p

In the ultra-relativistic limit

1 ~1+ 1

B 2y?

using plasma approximation for the refraction index at high frequencies

2

1)
n(w) ~1——2

2w?
derive the following result for the depth:
2yc 1 w

dlw) =

N
(a v+vl Yy,



Lecture 14: Radiation backreaction

. Show that

V(R™1) = (n + 1)R™ 'R
n—1)R;
ai'(Rn—le) — _Rn-1 <%Rj + 5U>
where R = % — ¥.

. Verify that indeed
2

L (g iR\ 1
4 RVwvR ) 73

Hint: choose z axis in direction of ¥ and use R = R(sin 6 cos ¢, sin B sin ¢, cos O)

. Compute the self-energy of a charged sphere with radius r and charge q assuming
that

(a) the charge is uniformly distributed over the surface of the sphere;

(b) the charge is uniformly distributed throughout the volume of the sphere.

Consider a radiatively damped oscillator obeying the equation of motion

d?x d3x N 5 0
m———mt——-;x; mwapX =
dt? dt3 0

(a) Using the ansatz: x o< e~ solve for w assuming that wT < 1 and show that
w=w —Ew312 —liwzr + 0(13)
= Wo —g%o 5 LWo

Hint: derive the equation for w. Substitute
w = wy + At + Bt? + 0(73)
and solve for the coefficients of the 0(7) and 0(7?) terms.

(b) Repeat the argument we used for resonant cavities to find the intensity spectrum

1
[(w) o«
(w —wy —Aw)? + (g)z

with the frequency shift and half-width given by

Aw = —gwgrz I=wiT

(c) Show that the half-width of the intensity curve in the wavelength A is

c
AL = 2n—I' = 2mct
W

Hint: neglect Aw and use 1 = 2nc/w.



