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Week 1: Potential theory I. Laplace equation in rectangular domains.
Spherical coordinates

Potential theory

curlE =0= E = —grad @

divE=0 = AP = —g Poisson equation
Boundary conditions:
e Metal: @ = const
o Dielectrics: E,; = E,, Dy, —Dy =0
0D, 0D,
=>¢1=¢2 Elﬁ—ezﬁ=d

Solution in vacuum:

+ boundary condition: ®(¥) = ®,(x) + K(xX)
AK = 0 + appropriate boundary condition for K

Potential theory: the know-how of solving the Laplace equation

Example: rectangular box with metal walls 74 Vi(x,y) Va(x,y)

I =
Divide et impera: v / c
A S S X
a_~"
o l

V3(x,y)  Ve(xy)

6
@ = Z ;  @; = 0 on all faces except the ith one

=1
Solution for top face z = ¢

Px=0,y,z2)=Px=a,v,2z) =P(x,y=0,2) =P(x,y=b,2z) = d(x,y,z=0)
¢(x:y;z=c) =V1(x,y)

Separation of variables: @(x,y,z) = X(x)Y(y)Z(z)

AP =X"(X)YW)Z(2) + XxX)Y"'"(¥)Z(z) + X(x)Y(y)Z"(z) = 0
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X"(x) Y'y) Z"(2)

X0 Tvo) Yz T

X'"=—-a’X Y"=-B% Z"=21*Z 21 =a*+p?
X = etiox Y = etihy 7 =et¥
Using the boundary conditions

nm
®(x=0,y,z) =0= X =sinax <D(x=a,y,z)=0=>an=? n=12,..

mi
®(x,y=0,z)=0= Y =sinfy @(x,y=b,z)=0=>ﬁ'm=T m=1.2,..

O(,y,2=0)= 02 =sinh AynZ A = \l oy

Infinitely many factorized solutions

D (x,v,2) = sin (?;—T[ x) sin (% ) sinh 4,,,,2

General solution:

®(x,y,z) = Z Cyym SN (Ex) sin (my) sinh 4,,,,z
r nm a b nm
nm=1
Last boundary condition
= . mm . mm )
O(x,y,z=c) = Z Cyym SN (Fx) sin (Ty) sinhA,,,c = V;(x,y)

nm=1

The functions

sin (?;—T[ x) sin (% )

form a complete system in the rectangle 0 < x < a, 0 < y < b and satisfy the orthogonality
relations

J‘ad J‘bd _ (nrr ) _ (mrr ) o (n'm\  (m'm _aba 5
i x i ysin(—x)sin(—=y)sin(—x |sin| ——=y | = 76/ S
So, we can write

J’adJ'bdiC .(nr.r)_(m:r.r)_h;{L [n'm o (m'm
. X . y wm SIN Fx sin Ty sinh( A;;,¢) sin 73( sin Ty

nm=1



ab _ a b o (n'm\ (m'm
= TCn,m, sinh( Aym,C) = f dxf dyV(x,y)sin|—x |sin| —vy
0 0 a b

which determines

C _ 4 ad bdv _(nﬂf)_(mn’)
nm_absinh(lnmc)J; xJ; yVi(x,y) sin ?x sin -

and fixes the solution

D,(x,y,z) = i Cpm SIN (?;—T[x) sin (?%y) sinh 4,,,,z

nm=1

Strategy:
I. Find an adapted coordinate system, i.e. one such that the boundaries correspond to one of

coordinates being constant
-- depends on our abilities

2. Solve the Laplace equation using separation of variables
-- only works for certain coordinate systems

3. Fix boundary condition by using completeness and orthogonality of the factorized solutions

-- guaranteed by the fact that the Laplacian with Dirichlet BC is a Hermitian operator and so
its eigenfunctions form a complete orthogonal set in the space of all functions

Curvilinear coordinates

2l 42 43
x(q°.9%,9°)
Tangent vectors to coordinate lines: \Z
|

o [
- ax h |—) | A 1 - .
€ =— i = 1€ € =€

dq; h;

Orthogonal coordinates: €; - &, =0 i # j
Jacobian determinant: | = h;h,h,

Spherical coordinates

rsind cos @
X = (rsinﬁsinq‘))

rcosV




sind cos @ T cos VY Ccos @ —rcosdYsin @
§r=(sinﬁsin(p) §,9=(rc05195in(p) §¢,=(rc0519c05(p )
cosV —rsind 0
h, =1 hg =7 hy, =1 cosd
Basis vectors
sind cos @ cos Y cos @ —sing
é,=| sin9sing €9 =| cosUsing éyp=| cosg
cos v —sind

Cylindrical coordinates

p cos @ cos @ 0 —psing
X=| psing é,=|sing | &=|0] é,=| pcosg
z 0 1 0

h, =1 h, =1 hy,=p

cos ¢ 0 —sing

Basis vectors: é, =| sing é;=(0 éyp=| cose
0 1 0
Gradient
v  ox ) 109
a—m=a—m-grad¢=hiei-grad¢ = grad® = . h_ia_chei
L

Vector field in curvilinear coordinates

(ql 4 dql,qz. qB)

ux) = Zui(ql,qz,qz‘)é‘i

i J\él
Divergence
hydq*
e
) (€% )4 ——t—) (¢, % ¢* +dg?)
ﬂ dVdivﬁ’=# df - 384
v av hquz
é;

(g%, q* +dq?%,q*)



J
(div i) hyh,h; dgtdg?dq®
= (whyh3)(q" +dq", q% q*)dq*dq® — (u hyh3)(q', q% q¢*)dq*dq®
+ (uzh,h3)(q%, q* + dq?, ¢*)dq'dq® — (u,h,h3)(qh, g%, q%)dq'dq?
+ (uzhihy)(q% q% q* + dg*)dq'dq® — (uzh,h;)(q%, q%,q%)dq'dq?

divii =7y ()
iviu =-— — | —u;
fiafh h; '

€1
Curl A
G an: rot . )
(German: rot) (ql,qz,q3) (ql,qz,qs +dq3)
e
(gL, g2 + dg?, ¢3) é 1 2 2 3 3
q,q q-,4 (g%, 9% +dq*,q° +dq°)
df -curlii= ¢ ds-u
J‘A f aA

(curl @), hyhydg?dg® = (haus(qt, 9 + dq?,q%) — haus(q*, 4%, q%))dq?
— (hauz (g% 9% q% + dg®) — houy(qt, 9%, q%))dq?

(curlu) ! a(h ) a(h )
curl i), = i\ 3a; 3U3) — — (hyu,

curiu hiu —(hzu
2 = B R F 5 a s 1U1 . 343

(curlu); = L (2 —— (hauy) i — (huy)
curl u - u

3 — hlhz a 1 2 2 qz 1%1
Laplacian

Ad = div grad @ 12 9 (] acp)
=divgrad® = - ) —|5=—
& / : 2q; hizafh

Homework: determine the expression of gradient, divergence, curl and Laplacian in spherical and
cylindrical coordinate systems!

Vector Laplacian
AU = grad div U — curl curl U4

Homework: prove the above identity using Cartesian coordinates!



For the dedicated: write AU in spherical and cylindrical coordinates!

Results for grad/div/curl/Laplacian can be found at:
https://en.wikipedia.org/wiki/Del_in_cylindrical _and_spherical coordinates

Laplace equation in spherical coordinates

ACD—lf)‘Z (o] 1—1 Oo(sin® dy@ —1 2o =0
T r r(r )+r_2 sin Y 5(sin 0y )+sin219 ¢ ]_

1. Separation of variables

U(r)
¢=TP(19)Q(<P)
1fiZU(r)P(ﬁ)Q( )+l[ia (sin9 a3 P(9))U(r)Q(p) + ! U(r)P(9)a20Q( )]
r )T 3 5ing 7? 4 )T Sinz o A
=0

r3sin? 9
/ UPQ
2inzg|ZUO L L o n90,P))| + ——920(0) = 0

Ur) | P@)rZsing ? ? 0(p) 72%®

2. Solving the azimuthal part

1 .
maq%@(q)) =-m?>=Q(p) =e"™? mEeL

3. Separating and solving the radial part

r2sin? 9 6,.2U(r)+ ! dg(sin9dgPMI)|-m?=0 /-
Ur) | P@)r2sind 9 sinZ 9
02U (r) 1 m?
2 T . _ —
U +P(19)sim96'9(sm’96'9p(’9)) sinZ
92U (r)
2T —
T I(l+1) I(l+1)€R

=>U(r) =Ar* + Br!

4. The polar part



2

maﬁ(snlﬁ 6,9P(19)) - Sin2 0 = —i(l + 1)
L 5 (sin90,P®) + |10+ 1) = | ) = 0
sing (P\MY % sin? 9 -

Azimuthal symmetry and Legendre polynomials

Axially symmetric case: potential independent of ¢

& = o(r, ) =@P(ﬁ) DOy = Attt 4 et
1
g 00(sind 9yP() + 1L+ DP@) = 0

Change variables to x = cos ¥:

d 1 )

a=_sim96'9 sind =41 — x?

i((1 — x?) dP(x)) + I(l+1)P(x) =0 Legendre equation
dx dx

Frobenius method

Seek solution in terms of a power series Ansatz
(=]
= x% el
P(x) =x Z a;x

j=0

Z{(} +a)(j+a—Dax** 22— [G+a)(+a+1)— I+ D]agx/**} =0
j=0

x 2 ala—1)ay, =0
x* 1 (a+Daa, =0
P Gra+2)(ra+Da, - [(+a)+a+1) -+ D]ag;=0 j=012,..

a, #0=>a=0,1 a; # 0= a =—1,0: same set of solutions, we can choose & = 0

JG+1)=Il(l+1)
T G+2)(G+1)
J runs either over even or odd integers

Homework: verify the above computations!
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For large j: a; — const = series diverges at x = +1 unless it terminates. Regularity of solution in
the full interval 9 € [—m, ] requires | € N

Result: Legendre polynomials P;(x) Normalisation P;(1) = 1
3 1 5 3
Po(x)=1 Pi(x)=x Py(x)= —x —3 P;(x) = —x - zx

Some properties of the Legendre polynomials

Pi(=x) = (=1'P(x)

Rodrigues formula:
l

RGO = () G -1y

Recursion formulas:

dPy,41(x) _ dP,_;(x)
dx dx

— 2L+ DP,(x) =0

(U+2)Py1(x) = 2L+ 1D)xP(x) +IP_1(x) =0
Orthogonality

2
f dx Py(x)Pp(x) = o +16

Completeness: for any continuous function f: [—1,1] - R
[es]

2l+1 1
=Y ARG A= dxfeR®
1=0 -1

11



Week 2: Potential theory Il. Azimuthal symmetry. Spherical harmonics

Expansion of the Green’s function with Legendre polynomials

Theorem
LL//
1 - rl P ) z
R gl S

r< = min(|x],[x']) 7 =max(|x], [x']) ¥ = £(x,%")

=21

Proof: choose the 7 axis in the direction of X’ and denote r = |x| r' = |X'|

1 L. 1
Ay————=0 (x+x') =
|X — x'|

= ) (A4rt+Br~1) P(cosy)

| X — X'
=0

{)r>r"andy =0: P(cosy) =P(1) =1

1 1 1 1w 7\ <« 1 » )
|3?—f’|=1_*1—r'/r=FZ ) =t B s A =0 B =1
=0

=0

(ii)yr<r'andy =0

1 1 1 v,y o
|X — %' 71 —r/r - FZ (F) =Z(ALTI +Br ) =24 =r""1, B =0
=0

=0

Corollary: generating function of the Legendre polynomials

Choose X' = €, and |[X| = t < 1, denote z = cosy

| —%|=J(FZ—=3)2=+1+t2 -2tz

! ith()
_—m zZ
V1+t? -2tz & :

Generating function of the Legendre polynomials
Orthogonality and normalisation

(i) Orthogonality follows from the differential equation

12



! dP;(x)
0 =J‘1dx(Plr(x)[ ((1 )é—xx) +£(£+1)Pl(x)]

dPs (x)
—Pl(x)[ ((1 X — )+z'(z'+1)pl,(x)D

By a double partial integration, the differential terms cancel each other, and we are left with

1 1
0=(U+D U +1))f dx P (x)Py(x) = f dx P()Pp(x) =0 L # 1’
-1 -1

(ii) Normalisation: integrate the square of the generating function

flldz( 1+t2—2tz f ‘fZZfP@Zt Py(z) = ZtZIJ‘_ldz(Pl(z))z

f‘f 1+t2 —(log(1+t)—log(1—t))—22£ t* = J‘dz(Pl(z))

2
21+ 1

Electrostatic field at sharp edges

Differences from what we had so far:
(i) Regularity at ¥ = m is not needed
(ii) Potential must vanish at 9 = f

We still have the polar equation

d ( dP(x))
—( (1 —x%) +v(v+1DP(x)=0
dx dx

with the corresponding radial solution A, r¥ + B,r

—-v-1

However, it is convenient to change variables to

1 .,V ) d
y=z(1—x)=sm§ 1—-x“=4y(1-y) Tx
Y

to get

4 (y1 -y 2P DP(y) =0
@(y( N )+v(v+ P(y) =

Using Frobenius method (and also regularity aty = 0i.e. J = 0):

+v+1
P(y) y Zany = a=0 An+1 = (n ‘Z:L(: 1)1; )an

13



2

(v +1) 4 (—v)(—v+ 1D+ +2)

ap,=1: P(y) =1+ )2 y 1 22

Gauss hypergeometric function
ab a(a+ Db(b+1)z*> a(a+1)(a+2)b(b+ 1)(b+2)z?

Flabidn) =1+--z2+—m 7 ot cc+ 1) 31
Hypergeometric equation:
d*F dF

z(l—z)@+[c—(a+b+1)z]g—abF= 0

Independent solutions: F(a, b; c|z) and z'°F(1+a—c¢,1+b —c¢;2 — c|z) , provided ¢ ¢ Z

Many important differential equations can be mapped to the hypergeometric equation!

BO)=F(-vv+11ly) A =F(-L1+1115%)

P,(y) is generally singularin y = 1 (9 = m): it is only regular when v = [ € N
Condition for v:

B (1—cosﬁ'

v 2 )=0=0<V1<V2<“‘

General solution for the potential regular at r = 0:

- ~ (1 —cos?
o(r,9) = ZAir"ini (T)
i=0

Example: f = m/2

P(1/2)=0= vy=1 P(y)=P,(1-2y)=1-2y=cos¥
@(r,9) = Ayrcos9 + -+ = Az + -

First term gives homogeneous electric field!

Case 1: f < m/2 (conical depression)

14



B < m/2 corresponds to x = cosf§ > 0 N

P;(x) has largest zero at a position x; = 0 for [ = 0.0 |
1,2, ..

x; = 0 for [ =1 and it increases monotonically with  _,.; |
l. —{1.300 4

We conclude that o L

1w 073 .40 025 o .23 LA .73 Lo

T
ﬁgz =>V121

Electric field strength at the tipr = 0:

0P vo_1g (1—cosd 109
B = 3=~ R, ()t B =—1gp
_ 4 rvl—liﬁ 1 — cosd N
! 99 V1 2

which eventually goes to zero as r — 0!

For large v:

B(y) = F(—v,v+111y) ~ Jo (@v + DYy) = Jo ((Zv +1) sin g)

First zero of Bessel function:

B 1(2.405
(2v1+1)sm§z2.405=> VR = _ﬁ'_l

sins
2

For a needle-like depression (small f3):

2405 1
nwre——-—=->1

B 2

i.e., the field is extremely small near the tip!
Case 2: f > m /2 (sharp tip)
v; < 1: field blows up a tip!

For a very sharp needle, m — f§ small:

2 -1
vlm[ZIOg(m)] -0 for f-m

Electric field strength becomes singular near sharp edges (lightning rod!).

15



Spherical harmonics

Laplace equation in spherical coordinates

1 11 i
AD = Z02(r®) + = |——0,(sin9 0,®) + aq,cp] — 0

sin? 9

Reminder: factorized Ansatz (separation of variables)

U(r)
¢ = Tp(lg)Q(‘P)
« Radial part: Ur)=Ar** +Br=t I(l+1)€R

o Azimuthal part: Q(¢p) =e™® meZ

Polar part satisfies

2

1 m
sinZ 9

sind

d(sind dyP(9)) + lz(z +1) - IP(ﬁ) =0

Change variables to x = cos ¥:

d 1

E= sind

dy sind =+41-—x?

d (1 z)dP(x) + [l + 1) m P(x)=0 iated Legend ti
T X)) —— Tz P = associated Legendre equation

Generally: two independent solutions

o P™(x):divergesatx =1
o Q*(x):divergesatx = —1

Forl=0,1,2,.. and m = —1,—1l + 1, ..., there is a solution P,/ (x) (unique up to
normalisation) which is regular everywhere for —1 < x < 1.

Assume m = 0. Behaviour at the endpoints:

e x~1:1—-x%2-52(1-x)

Zd . dP(x) m?
x\ =Y ) T

P(x)=0

16



Px) > (1-x)*> a=+*
Only + sign is acceptable
e x ~ —1:similar.

Regular solution: P/"(x) = (1 — x%)™?2 - polynomial

Spherical harmonics

20+ 1(L+m)! . .
Vim(®,9) = | i P 0se™ Y _n(6,9) = (“D"n (@, )

Associated Legendre function

m m 2 E dm

PM(x) = (—1)™(1 —x%)2 Ty P(x) m=0

P (x) = (1™ um(x) convenient extension to negative m
l - U+mu' g

Homework for the dedicated: verify that P/ (x) is indeed a solution!
Hint:
Substitute first P(x) = (1 — x2)™/2p(x) and derive the equation for p (x).
Using the Frobenius method show that there is only one regular solution for p(x) and

it exists only for [ =0,1,2,... and m=—[,—l+ 1,...,l when the power series
terminates.
o Taking m derivatives of the Legendre equation show that
dm
o D)

solves the same equation as p(x).

Orthogonality relation

1
J‘ dx PP (x)PI (x) = 2(1 +m)!
-1

QL+ DI —m) W

Note: no simple relation between solutions corresponding to different m!

Orthogonality
[ 40V (0,007 1 9. 0) = B8

Homework: prove orthogonality of the spherical harmonics!
Note the following: d2 = sin9 d¥de = d(cos9)de = dxde

17



Completeness of spherical harmonics

Let f:S? - C be a square integrable function on the sphere, i.e.

f dQ (9, @) < oo

Then the following expansion converges to f almost everywhere

FOD =Y D filin@ @) fim = [ OG0 (6,0)

=0 m=-1

General solution of Laplace equation in spherical coordinates

o m

O, 0,0)= ) D (it + Byt (9, 9)

=0 m=-1

Homework:

I. Given the potential on a sphere of radius R: @(R,9,¢) = V (I, ) expand the solution in
spherical harmonics
a. insidei.e., forr < R
b. outsidei.e., forr > R

2. Given the potential on two concentric spheres of radiuses R, and R,:
(D(Rli 191 (P) = Vl ("9: (P) and (D(RZJ 191 (P) = VZ ("9: (P)

expand the solution between the spheres in spherical harmonics!

Group of rotations and spherical harmonics

=21 e J

Orthogonal transformations: X' = 0xX X'-y' =x-y= 0" 1=0"
They form a group:
0(3): orthogonal matrices

S0(3): rotations (orthogonal matrices with det0 = +1

—

A=V-V rotationally invariant

1 1 1 1
Af = =07 (rf) + 4of  Baf = 55 09(sin?¥ Oof) + =0y f

Ag f: Laplacian on the sphere - it is rotationally invariant as well!
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sind cos @
Notation: ¥; ,, (9, @) =: Y, (W) n= ( sin 9 sin @ )
cos v

We then have
AoV (@) = 1L+ 1)Y) 5 (1)
ApY n(0ON) = (L + 1)Y;,,(O7)
Therefore, there exists a matrix D@ (0) depen;dent on O such that

Vim(©) = D" DY (0, ()

mi=—1
Properties of DW(0):
(1) b®Y(0,)DV(0,) = DW(0,0,) - true due to completeness of the Y; p, (7).
This means that the matrices D) (0) form a representation of the group SO(3).

2)DOO)DO ()t =1

i.e., the representation D (0) is unitary. The proof uses the rotation invariance of dQ and the
orthogonality of the spherical harmonics:

8,1 = f dQY, ,, (OR)Y,, (07) = f dQ Z Dyyimy (O)D07 (0)Yy i, ()Y, (1)

mq,mz
= 3 D OO0, @, = ) Dl QD ©
mq,ma mi

=" D, (D2, 0
my
= (D(l)(o)D(l)(O)’r )mm’

Summary: the [th spherical harmonics transform as a 20 + 1-dimensional unitary representation
under rotations. It can also be shown that this representation is irreducible.
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Week 3: Potential theory Ill. Spherical multipole expansion. Surface
effects in metals

Addition theorem for spherical harmonics

I=—m
n' -n=cosy = cosdcos?d +sindsind’ cos(p — ")

Proof: recall that

PG) = (—1)™(1 — x2)7 ] Lomy,

") =CFD"—P"(x) m=0
dxm

(+m)t
21+ 1 (1 +m)! .
Ym(@, ) = \/ s m P"(cos 9)e™?

4T (I —m)!
and also P;(1) = 1. Therefore
. 2l +1 .
Yl,m(ez) = ?&no e;;9=0

which leads to

l l
5 S 2l+1
Vim(071E) = ) DL 0 DY) = ) DY, 0" 1)f St
f=—1

m'=-1 m=—

2l +1

(l) -1
0
e 0 (07

i.e.

(1) Y, (0718,) = /2” p& (0)*

We also have

21+1 21+ 1

(2) Y@ = PP(cos®) =

Pl(é’z : ﬁ’)

Now we can reason as follows: there is always a rotation O such that €, = 07’ i.e. ' = 071é,

4t
Pt ) = P(07'8, - ) = Pi(0", - ) = Pu(&, - O) = fzz 1 Yi0(07)
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ii.

& W (- 4
’zz+ leD (0)Ym() = ’zz+ mZ.;D 2 (071" Yy (D)
4 ’
ZHT—[ Z o751 em (0716 m (1)

41 ~, o
= Z Vo )Yy )
I=—m

Q.e.d.

Spherical multipole expansion

Assuming r > r’ (field far away from localised charge distribution)

o) = —Z y zzﬂfdf‘x'p( ) Vin(8 0o (0,9)

=01l=-m

QIm
Z Z 2+ 1701 im0

=0 l=—m

Spherical multipole moments

Gim = f &' pE Y ') ¢")

Examples:
Monopole
1
— d3xr fr rrOY* _!91‘ A J‘d?,xr fr
0,0 f p(x’) 0,0( @) \/—E p(x')
Dipole

7 = f 43x' p()7
= I 3 !
Q= [ @3 pGEIG0 00 = [ & pGr f—smﬁ i

21
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’ 3 ’ 3
= f d3x" p(Zr' —51m9 (cosg' —ising') = gJ‘ d3x" p(X)(x' —iy")

3 .
= g(px_lpy)
G0 = fd3x’p(f’)r’Yﬁo(ﬁ’,¢’)— d3x’p( Dl , cos?' = , fd3x’p(
3
4sz

3
G = [ @ G000 = [ @ oG | - fgsina'ew

3 3
= fd3x'p( ' ’—smﬁ (—cos¢@' —ising') = ’%J‘ d3*x' p(X")(=x" —iy")
3
= ’g(—l’x— p

Inverse relation
Dy o .‘:h,l —q1,-1
Py | = 3 l(fh,l + fh,—l)
Pz ‘/th,o
Homework: find the relation between the quadrupole moment

Qe = f &’ p(#)(Bxlxl — 7'28,5)

and the spherical moments q,,,! Are the five independent spherical moments sufficient to describe
the quadrupole? Why? (Hint: examine the Q,.¢ matrix!)

Note that by deriving the spherical form of the multipole expansion we have just shown that in
general, the /th multipole (2!-pole) has exactly 21 + 1 independent components!
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Wave guide: a long tube with conducting walls

S =04
A

o —
=

Wall: good, but not ideal conductor = surface effects
Surface effects

Boundary conditions for ideal conductor: fields vanish in E)
conductor.

From the inside of the tube:

.D=2X (surface charge density) nxE
xH=K (surface current density) n B

=SSl

0
0

Real conductor: there is a transient layer - skin effect with some thickness §.
There are fields E, and H, inside the conductor. We assume that the conductor is a material with
linear response to fields: B, = u.H,

Inside conductor: [ =o6E, Onthewall: i xH =17 xH,

We also assume that frequency of field is low enough to apply quasi-stationary approximation
inside the conducting wall:

T C .
>> ie. o>»ew
V> |5
VxH,=0E, = §C=Eﬁxﬁc
— — — — i — —
VXE,=iwuyH. = H,=— V X E,

WHc

We know that these equations lead to a skin depth

2
5=
WUO
Rewriting
1 1 c2 A? c o
0> EWw=w m = o < vy where ¢, = - is speed of light in wall

23



Typically, n ~ 0(1) so quasi-stationary approximation means that the skin depth is much smaller
than the electromagnetic wavelength:

6K
We also assume that the curvature radius of the wall satisfies R > §, 1 = the wall can be assumed
to be flat on the scales where the surface effect happens. These are typically satisfied for the wave

guides in use (frequencies up to several 100 MHz and metal walls).

Choice of coordinates: x, y along wall surface, z perpendicular to wall, z>0: conductor. Then

9 5-1»6 9 S e ; 0 70
— — — — ﬁ — — —
0z dx’ dy ’ %292 "oz
I T 1. 0H, _, i~ i _ O0E,
E.=-VXH,~——nxX H.=— VXE, = n X
o o dz WU, W, dz

From the first equation
d*(ixH)  OE,

dz? RGP
Note thatfi - E, =0=#-H, so i X (i XE,) = —E, and i x (A X H.) = —H, so
9E,

= —iwun X H,

from which we can derive

From the boundary condition i X H = #i x H,

ﬁc(z = 0) = g’”

24



where ﬁ” is the component of the magnetic field inside the wave guide parallel with the wall. The
solution bounded for z>0 is then

J 5
H

Note that the electric field inside the conductor is H

- 1 0H, @

. n (1 — )i x Hye #/%ei#/8

~——n

o 62 20

So at the surface it develops a small parallel component,

which is equal to the one inside of the wave guide on the l
wall: %

E, =

T} e =
CJ (1 -7 x H,

Therefore, the boundary condition deviates slightly from
that of the ideal metal, which can be taken into account at the next order.

Dissipation and effective surface current

Power carried away on unit surface of the wall:

ap | - _ 1 — 1 [pow - 2 -
To=-S=n-sRe(ExH)| _ =—5 |5—|H| =—5—=|H|
Interpretation
The current density inside the metal wall is
7 2 _1 -2/8 ,iz/8
]C=O'E =E(1—l)an”e z/ LZ'/
Ohmic dissipation per unit area

° 1, 4 * 1 1 .2

dz=J,-E:=| dz— d——H —2z/6 = H,

J; VA 2](: c J; Z 20 | J‘ V4 0'6 |

Effective surface current density
[es]

Keff:J‘ dZ](::?_l’XH”
0

Note that

25



The field satisfies the ideal boundary condition with K, ff-
The dissipated power per unit wall area is nothing else than

dpP 1 .2 1 - 2
—= = 5= || = 5—|Kefy|

Strategy of solving the wave guide

I.

2.

Solve the ideal case first.

Compute the dissipation using the formula

dP_ 1 }_1’2
E_ﬁl |||
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Week 4: Wave guides

Strategy of solving the wave guide
1. Solve the ideal case first.

2. Compute the dissipation using the formula

d,P_ 1 }_1’2
ﬁ_ﬁl |||

General theory of ideal wave guide

Let us now choose the z direction along the axis of the wave guide.

The Maxwell equations ﬂ
Lo E . - 0B . - . —
VxB=pue— VXE=—— V-B=0 V- S=0A

at at E
imply the wave equations &\ )

.
Y

E
(a - neap) {E} = 0
HEDT; B
Wave along the guide

[E} = {;E(x, y)}e”‘z‘i“" => (Ap — k? + pew?) {E(x, y)} =0 Ap=0%+02
B B(x,y) B(x,y)

Decomposing Maxwell's equations

o 0B = = B
VXE= _Eﬁ (gzaz + VT) X (Ezéz + ET) = iw(BZgZ + BT)

SO

~&, X VpE, + &, X 8,Er + Vp X Er = iw(B,é, + By)

Transverse component: €, X (17 X E) = VE, — 3,E; = iwé, X By
Longitudinal component: €, - (1_7’ X E) =8, - (17} X ET) = iwB,

9,E; + iwé, X By = VsE, &, (VxE) =iwB,

27



HW: apply a similar decomposition to the equation

7 x B = pe ot
= #EE ) ) . . .
to derive d,Br — iwueé, X Er = VB, e, " (17 X B) = —iwueE,

HW: decompose the equations V-B=0 V-E =0 toobtain
1_7’1'" ) E’T = —0,E, 1_7’1'" ) §T = —0,B,

Note that d, can be substituted with ik to give

ikE; + iwé, X By = V;E,
iké"}" - iw#Eé’z X E:T = ﬁTBZ

We can also write for the longitudinal components
2 EZ — 2 2 2
(AT'H’)BZ =0 Y4 =k* — uew

Summary: decomposition of Maxwell's equations

E-’ o elkz-iwt
E=Eé,+E B=B,é+Br
aE’T . - =3 = = = =1 A
w7 + iwe, X B =V;E, e,- (VT X ET) = iwB,
GB’T . - = — - — == .
Fra wuee, X Er =VyB, e,- (VT X BT) = —iwuek,
o o JE, oo dB,
. — - V . B — -
T Lt 9z T Dr 9z

Solving for the transverse components gives

Br = -5 (KVrE, = w8, X VrB,) By = (kVrB, + pewé, x VrE,)

Equation for longitudinal components
Ay +y®)B, =0=(Ar +yHE, vy*=euw?—k*

TEM, TM and TE modes
(HTEM:E, =B, =0
We then get a 2D electrostatic problem

ﬁTXE’T=0 ﬁT‘E’T=0
28



0Er . . o aBr .
@+Lwezx}i?~=0 (1_2_ co,ueezxf'T=0
ikET + i(l)é’z X BT = 0 ikBT - iw#Eé’z X ET = 0
= 8, X (ikEp + iw8, X By) = iké, X E; — iwBy = 0
Consistency requires

ik —iwue 1

= = w=—k

—iw ik JVer

Linear dispersion (identical to the one without boundaries)!

If we have E‘} then the magnetic field can be computed

~  WuE - .
BT=%€ZXET=,/EM€ZXET

We can write
Er=-Vp® Ap@=0

Boundary condition on wall: E"T must only have normal component = @|¢ = const.

Problem to solve:

A;® =0 ®|¢ = const.

This only has trivial solutions if there is just a single wall (simply connected domain).
However, TEM can propagate e.g. in coax cables, since

Ar® =0 ‘D|51 = ¢ ‘D|52 = ¢

has nontrivial solution!

« No dispersion (only if there are losses i.e., wall is not ideal), therefore no signal distortion
+ No lower cut-off frequency

(2) TM mode: B, = 0

Er=—V¥ Br=

e, X V.9
y?

Master function: ¥ = E,  on the ideal conductor boundary: E, = 0
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AUr+7H)¥P =0 ¥|s=0 y?=cuw?—k?
(3) TE mode: E, =0

- iw

- — — ik —
ET = _Fez X VTLP BT = FVTLP

Master function: ¥ = B,  on the ideal conductor boundary: E’} is parallel to the wall

iLd
AUr+yH ¥ =0 In =0 y?=euw*—k*
5

Dispersion relation

Determining modes

oY
r+y)¥ =0 ¥|s=0 (TM) or ——| =0 (TE)

5

Eigenvalues with given BC: y,
e TM: eigenproblem is the same as membrane with fixed edge
e TE: eigenproblem is the same as membrane with free edge

k = Jue w? — w? Wy = \/);j_e cut — off frequency

W > w,: k real = propagating wave

W < Wg: k imaginary = evanescent field

Phase velocity

W 1 1 1
Uph =37~ >

k ue [ @z ue

Group velocity
dw 1 w2
v = —

R T = R =

Note that

1
v v, = —
ph¥g e

Energy carried in a mode
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Time-averaged energy current density (Poynting vector)
§ = Lre(F x ")
= =Re
2
Transmitted power

-+ 1 — —
P =f dzaéz-s=f d*’a-Reé, - (Er x Hy})
A A 2

- ik - - Hew , o
TM: ET =_2VTLP BT =_2er VTLP
14 14
TE: ET = _Fez X VTLP BT = FVT[P

wk TM}

1/# f d2a Vv - Fpw {TE
Green's theorem (in the transverse 2 dimensions)

. oy
f d2a[W ArY + VW - VpP] = dilP' —=0
4 fm

00
ﬂdza VoW VW = —ffdza YA = yzf d?a|¥|?
A A A

So
wk T™
— 2 2
1/# fdallpl {TE}

=2\;E(a%)2 fl =t 2ty f aalvl ]

Energy in a mode per unit length

Energy density (time averaged)
= Je(3ReEE*) 4 (JReB ')
w = 26 2 e ﬂ 2 e
- ik - - [pew
TM: ET = FVT[P BT = ? VTLP [P’ E
Energy per unit length
2

1 ) k - ,  liuew s N2
UTM:ZJ‘Ad a e(y—zVTlP) + €|¥| +,u(y VTlP’)
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TE: ET=_F82XVTLP BT=FVTLP lP(:BZ
U 1ffd2 { (wﬁlﬁ)2+1|lﬁlz+1(kﬁw)z}
4, y2 ' u pu\yz "
HW: finish the calculation and derive
l/w\?( € T™
— | — 2 2
v= Z(wa) ) JLd al¥l® {7g)

Velocity of energy propagation: identical to the group velocity!

Attenuation

Supposing that wall is almost ideal, to leading order

ar_L j;dl it x A’

dz ~ 206 J "

A detailed computation can be found in Jackson's book. It turns out that for any given mode

dpP
- = —2B,P = P(2) =P(z =0)e 2Paz

where [, is a mode dependent dissipation constant of unit 1/length.

Another way: use first order perturbation theory (analogous to QM) to account for deviation of
boundary condition from ideal. Result:

ko(w) = ki + Ak, + B,

where [, is the same for the previous method, but there is also a change in the dispersion relation
Ak, (it happens to be the case that Ak, = ).

HW: wave impedance

Show for a given mode that it is always true that

— 1_’ —
HT = Eez X ET
where

32



k—k\lﬁ ™
cw koVe (TM)

#a’_ko\[ﬁ
k ~ ke (TE)

is the wave impedance.

This is not related to any dissipation (which rather comes from attenuation) however it is important
for impedance matching at the ends of the power line.

Note: these are different from wave impedance in vacuum

Zy = @m 120w

€o
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Week 5: Resonant cavities. Dispersive media
Cylindrical cavity

Boundary condition at the ends L\

™: V-E=0
i..e. azlp‘l'v"r‘g'r = 0

At the endcap E"T =0so

TM: 0,¥],204=0 = ¥ xcoskyz k, =

T
TE: V000 =0 = W«sink,z k,= Fp K

N\

|/ Metal endcaps

Eigenfrequencies

2 2 2 mp
ye = euw” — k= w;, y?

p= ;— 2t ( )
™:p=0,12,.. TE: p=1,2,..

Non-ideal cavity: quality factor

stored energy
power loss

wy: ideal frequency

Stored energy

U=fd3 ( €(EZ+ E2) + = Ju(H2+H) cxdfllplz
v

Power loss:

— 2
=— nxH Y0|Z+d y|?
o5, x| Wi ag
Amplitude drops out! = @ depends only on mode and geometry via ratio
$oal1”

IAEZE
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Jackson:
_rY tric fact
Q= 1,55 (geometric factor)

V: volume where energy is stored
S&: volume where dissipation happens (skin effect)

Dissipation
du Wy
—=——U=U() = U(0)e@t/@Q
=g U= U®=U©e
Lifetime: T = g = g1'"

wy, 21

Amplitude:  W(t) o e~ @ot/2Q-i(wo+Aw)t
Aw: frequency shift due to non-ideal BC

Fourier transform:

1

oo
Y(w) o f dt e~ @ot/2Q p=i(wo+Aw)t plwt o -
’ ﬁ_i(w—wo—&w)

Frequency dependence of intensity of radiation field:

1

I(w) « |¥(0)]? «
(w—wy— Aw)? + ((20—5)2

Lorentzian curve

Half-width:
wy 1
= ? == (analogy to QM)

Earth as a spherical resonant cavity
(mini-project A6)
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Ionosphere: 0 ~ 1077 — 1074 =
am

ionosphere

1
Seawater: o ~ 4.4 —
am
Not nearly perfect...
Estimating lowest frequencies: a

TE mode: H, = 0 at the boundaries
= wrg ~mc/h Ran

TM mode: E, can be almost constant in r
= wry ~ c/a

h<a= wrp > wry
Jackson:

Wy C C
=—=JIl(l+1)— —
Vi 21 L+ )Zn'a 2ma
= 7.46 Hz
Schumann, 1952
Measured: 5.8 Hz (1960)

Quality factor: Q = 4...10 - very low!

Frequency dependent refractive index

Linear response theory for electric polarisation

P(t) = fmdtfe(t —t)G(t, tHE(t)

causality

Electric susceptibility
eox(t—t)=0(t—-t)Gt—-t) = P()= eof dt' y(t — tHE(t)
no memory -

effect

With spatial dependence (for translationally invariant i.e., homogeneous system):

P(t,x) = eof dt’f d3x y(t—t,x—xNE(t,x"

Fourier transform: Reminder:
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P(w) = €px(w)E(w) f(co) J‘ dtf(t)eﬂwt

D(@) = eo(1 + x(@)E(W)
B ,ﬂﬂ—f——f@kﬂw

Reality: E*(w) = E(—w) and P"(w) = P(—w) = y'(w) = y(—w)
Lorentz-Drude model for dielectrics

Damped oscillators with charge g:

R N VRV Ly SO S . P
- — = = — — = —
M ac T x4 dcz " Vge TP T

r D

_ - _ 2 _
p=4gx vy m Wy m

E(t) = E(w)e ™ = p(t) = p(w)e @t

q® 1 Ng? 1
p(w) = : ~ E(0) > P(©) = ——— ~ E(w)
mwg —iyo —w m w§—iyw —

€oX
N: volume density of charges

With more than one type of charge carriers

q;
—1+)(—1+Z T 5
eom}m —iyjw —w

Imaginary part of refractive index

g2 )
Ime, (w) = %(E,—(a}) — e (w)") = Z N;qj Yjw

. >0 1!
EoM; (12 2
7 €0 J(cof—coz) +yfco2

Refractive index: usually u, = 1, so
n(w) =/ €(w) = n.(w) +in;(w) with n;(w)>0

Wave propagation with complex refractive index

— —

—

curlH = 3 = curl B = “OE = —iwpyD = —iwly€y €-(w) E
n(w)?

on(w)? _
= curl B = —i (@)

CZ
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= curl E = —iwB

Using div E = 0 = div B we get the wave equation

o 22) )

Plane wave solution:

2 2
- = L s s wn(w) - wn(w)
E,B « e x7l0t with k- k=——— = k=

k k:direction of wave
c? c

Therefore

— - — —1i —1i ."2
E(t,%) =Eye iwt kacnr()
Attenuation!

Attenuation of the EM wave intensity (given by magnitude of Poynting vector)
- 2

S(x) « [E(t,%)| = SeePr*
x = k - X : distance travelled by the wave

2wn;(w) .
K =—— opaci

” pacity

Opacity: the smaller it is, the more transparent the material is.

Remark: Earth's atmosphere is transparent for
A ~ 400 — 800 nm: visible light (evolution!)
A~ 1cm — 1 m: radio waves

Plasma frequency

Free electron gas/ideal metal: w; =y; = 0

e,.=1+z:"‘r B 2=>e,.=1——p w§=Z—""
- €0 Wi — Y0 — W €My
j

1

Metals: N ~ 102° % q = e m = effective mass (depends on band structure)
= typically, UV frequency (~ 100 nm)

Below plasma frequency
W < Wy: € is negative = n is imaginary

Total reflection: only evanescent wave in material
Reflection coefficient from Fresnel formula
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_ﬁ 12 _ 12 cin?
E}_gﬂ_ncos@ 7 Vn'2 —n?sin2 6

for L polarisation

Em  ncosf + l%\/n’z —n2sin2 60

l%n’z cos@ —nvn'2 —n?sin26

l%n'z cos @ + nVn'2 —n?sin26

for || polarisation

n2>0>n"" |r| =1: total reflection

Plasma penetration depth
_2oni(@) c

S o« Bt ®)| =See™ ¢ * = 6=

2wn;
For w « wWp
2
w w c
n; = P _ 1= _P = § = —
w? w 2w,

the penetration of low-frequency magnetic fields is frequency independent!
For typical laboratory plasmas

1
N =108 — 1022—3 =6 =0.2-0.002 cm
m

Above plasma frequency

W > Wy: € is positive = n is real

Material is completely transparent: metals are transparent to UV light!
Exercise: compute phase and group velocity in plasma for w > w,,. Show that

w C dw
v = — = - v =
phase = n(w) grour gk

=cnlw) <c

Note that at plasma frequency Vppgse = © but vg.gp = 0!

Collective excitation: plasmon with dispersion
3kpT, -
w? = w2 + —=k?
me
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Week 6: Dispersion and Kramers-Kronig relations

A few important facts from complex analysis and distribution theory

If a function f(z) of a complex variable is differentiable at a point z,, then it is analytic i.e.,
infinitely differentiable and its Taylor series at z; has a finite convergence radius a > 0 and
converges to f(z):

N (z z )”
F@ =) [Py lz-zl<a
n=0
. . N domain of analyticity
Any such function satisfies Cauchy's integral Z
formula C
dw f(w)
f(z) = f i
c2miw — 2z

where C is a closed contour around z and the function
is analytic in an open domain containing C and its
interior.

v

Cauchy principal value integral

How to define a distribution corresponding to 1/x?

“ 1
f dx ;f(x) generally does not exist:

J‘ dx f(x) J‘ dx @+J‘adxw=f(0)10g2+termsﬁnitef01'€—>0
x B x €

Cauchy's idea: cut out the singularity symmetrically, then the divergence cancels between left and
right:

oo 1 oo 1 —€ 1
?J‘_mdx;f(x) =EliT0{J; a:ix;f(x)+J‘_00 dx;f(x)}
A simple way to write it is

© 12 f) —f(=x)
?J‘_mdx;f(x) —J; dxf
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It can also be defined centred at any point a:
“ 1
P f dx
—o0 X —

Magic distribution identity

X

(7, fla+x)—fla—x)
af(x)—fo dx

1
x—aiin_)?m-l_ma(x_a) as n— +0

Proof: (for + sign; proof similar for - sign)

1 1 1 1 1 1 1
—— =5 _ )+ 5 _ - -)
x—a+in 2\x—a+in x—a-—Iin 2\x —a+in x-—a-—in
_ xX—a in
S (x—a2 42 (x—a)?+n?

Ref_mdx a+mf( )—f dx T—I—nzf(x) f_mdx 2f(a+x)

*® x(fla+x)— f(a—x)
=L°d /@t = fd ( PR )
—’f fla+x)—f(a—x)

X

=P J:m dx f(x)
n

Ime dx;_f(x) = —fm dx —— = f(x)
e X—a+in e (x—a)2+n?

n

° U U
m—)ﬂ:a(x_a) . J‘_mdx(x_

.11)2+1'72=TE and (x—a)?+n?
*a

““f T f() = —nf (@
—o x—a+in

Therefore

1
_— P
x—a-+1in XxX—a

—ind(x—a) as n — +0

Similarly
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1

1
— > P——+iné(x—a) as n — +0
xX—a-—in x—a

Kramers-Kronig relations: a consequence of causality
P(t) = f dt'0(t —t")G(t—tHE(t') = e(w) =1 +f dt G(t)e't
-0 0

e itis analytic for Imw > 0 if G(t) is bounded forall t > 0
le’@t| = e~Im @ makes the integral convergent for all Im w > 0

o ¢ (w)—1~ w2 forlarge w

Cauchy's theorem implies that

( +.) 1= 1 ,Er(w’)_l
eri@ i 2mi), o' -—w-—in

with w real as long as n > 0, with the contour C given as

Imw |L

Due to €.(w) — 1 ~ w2 for R - oo integral over semicircle can be dropped (integral scales as
R™?):

e-(w)—1

1 oo
) =14 do’
€-(w + in) +2nif_m w PR pr——

Applying the magic distribution identity:
1

— P — +indf(w' —w) as n— +0
W —w

W —w-—Iin
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PRI RN ACD i 1
e @) =145 f_m G @@ - 1)
ie.

1 (® -1
er(w)=1+—,?f dw’&

i _ w'— w

Taking real and imaginary parts:

1_ (7, Ime (o) Re €, (w")
Rec (@) =1+ 27 [ do ) ime (@)= 2P [ darmort)
n —co w —w —00 w' —w

Kramers-Kronig relations

Remark: It is also true that if for a function its Fourier transform is analytic in the upper half
plane, then the function vanishes for negative arguments.

oo

d )
£(6) =J: %f(w)e-m

For t < 0: the contour can be closed in the upper half plane, since
le=tet| = e*tm® - 0 for Im w — +o0

implying that
dw .
FO = § o f@e ™ =0 for ¢ <0
c2m

Relation between € and ¢

pp = —divP but: continuity equation d;pp + divj, =0

. P
=Jr =3¢

Compare nowf= —iwP =0oE and P = eoxﬁ" = 0 = —liggwyx(w) i.e.

io(w)

&(w) =1+
)

Drude-Lorenz model

= 1+Z N4 .
EoMj Wi — iYjw — @
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Metals: conduction electrons not bound = wj = 0

¥ = — Tj:relaxation time

Tj

Assuming w is small (DC conductivity)

N 2,1',
J=Z i T
m;

j

This is the Drude model for DC conductivity.
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Week 7: Multipole radiation

Review of material from Electrodynamics 1

Maxwell's equations

divB =0 = B =curl 4
IE = 08 E 04 do
= - — ﬁ P
cur 3 3¢~ 8ra
Lorentz gauge: div A + — = af =0
- 1 aE 1 62 — -

curl B = U] +—= 23t = &—C—zm A=—uyJ
divi = £ = A—— d = _r

€o c2ot? €o

Retarded solution

X=X f)
-
) = yd J

_xl

fd3x’
v

X — x|

o(t,x) =

=i O

€o
V: source volume - assumed to be localised

Oscillating sources

p(t,%) = p(De @t J(t,%) =](®)e ™ = 8, > —iw

.2 o
Consequently: @ = —% div A
o E21)
=t [ T Tt [ gy T
X — x| CR-F

Small, localised source

|| <d <« A d:diameter of source volume VV
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Observed from far away:

r=1x|>d radiation zone

1 1 d L . d? N
>3 =_+O(_) ¥ =X'|=r—%-X'+0(—| with £=-
X —x'| r r? r

Small parameter: % <1

Radiation terms

5 Uo e—iwt+ikr . o
Arga(t,®) = 27— d(k2)  dk %) = f P @) e ke
41 r y
1 ff ~ Xy 6}'}{ fjfk 1
611_-_ r_zaf -7z 0; Xy =5}7=?—T SUppressedby; !

0;e'¥" = ik 9;r e'*" = ik%;e'*" no suppression!

V — ikX as far as only radiation terms are concerned!

Field strengths and radiated power

. 1 R ik e—iwt+ikr

Hrad = #—O(V X A )rad = ETX X ﬂ(k,X)

- o 10F  iws o ic? - .
VXB = C—ZE = _C_ZE = Erad = Zlkx X (HOH}‘ad) = —CUpX X Hrad

E"md = ZoH,qq X X Zy = UoC = "(:—0 ~ 376.7 1 (ohms) vacuum impedance
0

Time averaged energy current density
Sraa = iRe(Erad X Hrad) = xzzolHradl =X 3 72 |a(k, 2)|

Angular distribution of radiated power dP = X - §radr2dﬂ

dP  Zok?
d0 ~ 32m?

=
I

a| g
)
=

£ xdk D ak %) = f &' J@") ek

Vv

Multipole expansion for radiation
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a(k,®) = f d3x' J(&) e ™ pp ~ -k 1

Vv

= expand in Taylor series
a(k,x) = J‘d3x'f(?c') (1—ikx-x"+ )
v
Leading contribution
do(k, %) = f d3x' J(&")
v
a0k, D)y = [ @x' ;G = [ @' G = [ ' (0 3}
v v v

- f dx' (9 CejJic @) =~ /i (@)
v

- ﬁ; d?fie % Ji (%) = f d*x' xj 0fsc (&")
av 4

—3¢p

vanishes if V is large
enough to contain all
the source inside

= —iw J;d3x’ xip(x")

End result for leading contribution
do(k,&) = —iwp electric dipole radiation

Sub-leading contribution

d,(k, %) = —ik f d3x'%-2'J(E)
v

ﬂl(k,f);_ = —lkf}Mﬂ_ M}l = J‘d?’x' x;];_(fr)
14

Antisymmetric part

1
m; = 2 €ijxMjy

1 - — 1 -+ T
2 (M — Myj) = €jipm,  with i1 = zfd%c'x' X J(x")
Vv

magnetic dipole moment

Symmetric part
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My = @31 = [ @ %@ 1)
Vv Vv

_ f d*x' 3y (i ) - f &x'x) (9) J @) — f x’ x0T @)
4 14 — 14
surface term —can be thrown away kj

= —M;; — iw f d*x' xjxjp(X')
v

i(l) l(l) 3 12 o7 3.1 1! 2 2!
T Uit 5o | d @) Q= | & (g = 38
vV v

electric gquadrupole moment

1
5 (M + M) = —

Summarising the result

1 1

. - ~ kw -~ ka’ -~ 3 r ;2 =
= —iwp; — ikXj€jj,my, — ?x}vQﬂ + Txl f d>x' r'"“p(x")
V

I—term
This must be inserted into

Uo e—iwt+ikr

A’rad(t;f) = ET&U{'f)

Note that
eikr eikr 1
a;_ - = lkx;_ . +O(r2)
the radiation part of the X-term is a pure gauge! Therefore, we can safely omit it and get the
following
results for the radiation:

al\K,x) = —Lw -mxx | ——
p C 6c gx
. ik e—iwt+ikr

H =——  ¥xalkx
rad A . X x a(k,x)

tril

rad = ZoHyrqa X X

dP _ Zyw?
d0 ~ 32m2c?

|2 x dk,2)|?

Homework: quadrupole radiation - angular dependence
Assuming cylindrical symmetry around axis 3

Q . ,
Q33 = Qo Qn=sz=—70, while Q =0 for j #k

Show that
AP Zyw®

E = WQS Sinz 6 COS2 6
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Total radiated power
dP  Zyw* "x*+1"><(_’><") W, NG
a0~ 3omecz [V P T AR MR T X ox

dP
We want to obtain P = f dn 0= squared terms + mixed terms

Mixed terms vanish
(different multipoles are orthogonal vector-valued spherical harmonics)

fdn(fxﬁ)-(fx(ﬁxf))=o=fdn(fxﬁ)-(fng)

since integrands are odd under spatial reflection X - —%

More complicated case

fdn(xx(mxx)) (2 x Q) fd.()(m ®-m)2) - (% x Q%) fd o - (2 x Q%)
Choose Cartesian basis so that m = meéj:
dQm - (X X Q%) = dn (% x Q%
f m (x gx) mf (x gx)3
=m J‘ d‘Q fJ;(QZlfl + QZZfZ + Qz3f3) —m J‘ d'Q fZ(Qllfl + lefz + Ql3f3)

Lemma

f dnx;x; =
Proof:

[ # je.g. f d%,X, = 0 since the integrand is odd under reflection X¥; — —X;,%,3 — X3
By rotation symmetry

fdﬂflfl =fdﬂf2f2 =fdﬂf3f3 =C
and

3c=fdn( + %% + 2)—fdﬂ=4n. Q.e.d.

So, we get

4
fdn(f X (Mx2%))- (f xg") = ?T[m(Qm —Q:2)=0



Computing the square terms

2

36¢2

_ Zyw*
"~ 32m2c?

1 2
fdn{|fxﬁ|2+c—2|fx(ﬁxf)|2+ |fng|}

Dipole contributions

8mp?

3

1 1
fdﬂ | x p|? = an d(cos 8)p?sin? 0 = anzf dx(1—x?%) =
-1 -1
8mm?
3

[ a1z x Gix 2P = [ aaiax pr =
For the quadrupole

Q
=0+ (2(2-0%)- 0%) =|oz| - (2-02)’

. 2 . N 4 4 4m 2
(1) fdﬂ |gx| = f dQ Q% Qu¥ = 5= QijQij = 5 Q@i = 5 TrQ

@) f an(z-0%) = f A9 Q4 Qi Re 2y

Lemma

o A4nm
J‘dﬂ. xix}'xkx;_ = E(aijakl + 61}{ jl + 6!.!'. k)

Proof:

Again, parity under spatial reflections imply that the integral vanishes unless the indices are
pairwise equal. The integral is also independent of the selection of the pairs. Therefore, we already
know that

J‘dﬂ. fifjfkf;_ = C(ﬁuﬁkl + 6,,;{ il + 6”_ k)

Now we can compute

1 1
2
3C = fdﬂ@ = an d(cos ) cos* 8 =2n’f dx x* = erg Q.e.d.
-1 -1

f dQ f A f dQ Qi QXXX %, = _(6116!{{ + 6 bj + 5u5,fk)Qiijt
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= 4—”((Tr g)z + 2Tr QZ) Oy Q2 since TrQ =0

15 - 15
Therefore
fdn|">< "|2—(4” SH)T 2 = T2
<X =g/ =ghre
Recalling the previous results
L., 8mp? o \yy  8mm?
fdﬂlxXpl == fdﬂlxx(mxx)l =—

the end result for the total radiated power is

_ 2o [aa iz xpl + Siex i x D + |t x 02
_321'[2C2J‘ XXp +C—2x (mxx) +36c2x Q%
Zow* ([, 0 m? Zow®
= _ 7"[‘ 2
12m2c2 (p t 7)Y 1aaone T2
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Week 8: Scattering of EM waves

Review of material from Electrodynamics 1
3 scatterer sizes:

1. d « A:dipole dominated
2. d ~ A: higher multipoles needed (Mie scattering)
3. d >» A: optics (diffraction, geometric optics)

Here we only consider 1.

D
~

> > ) >
Ny E Z
T 3 ikilg% 7] 1. =
Ein = egEqe'™"0 Hip, = 7o X Ein
- 1 thr 1 - 10 -
ESC=4T[60k2 [(nXp)Xn—Enxm] HSC=Z—0nX <«
(HW: check these formulae using last weeks material)
do _ power radiated in unit solid angle in given direction (W)
dfl incoming energy flux (%)
72|Ssc| L1 . 1 .02
= — S=—RelEXH')=—|E| n
If we follow the polarisation, we must project the field as E—é - E:
— 2
do  r?|é* - Eg|
e E2
k* 1 2

Example: scattering on a small dielectric sphere of radius a

d <« A: polarisation can be computed using homogeneous field

€ —1
€+ 2

€ —1
€+ 2

2 d 2
=1 a - =
) a*E, = — = k*a® ( ) |é* - é,|?

P = o dan
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=)

N
N

Incoming polarisations: €y, = (1,0,0) €y, = (0,1,0)
Outgoing direction: n = (siné,0,cosh)
Outgoing polarisations: €, = (cos 8,0, —sin ) e, =(0,1,0)

do € —1\? do € —1\?
_ — 446 r 2 e — |4 46 r
(dﬂ)”_,” kha (E}‘ +2 ) cos™ 6 (dﬂ)L_,J_ kia (E}‘ +2 )

(dcr) B (dcr) _ 0

Assume incoming light is unpolarized: average over incoming polarisation
outgoing polarisation is not observed:  sum over outgoing polarisation
da [1

B (dcr) +1(dc:r) N 1(dc:r) +1(dc:r)
do —  [2\da/., 2\de/.., 2\d0/ ., 2\da/,.,

outgoing ||, averaged over incoming outgoing L, averaged over incoming

1 & — 1\’
— _p4.6("T 2
—zk a (—6,-+2) (1+ cos” 0)
Even if incoming light is unpolarised, the outgoing light is polarised.

Polarisation depends on direction:

2(@),., 2@ |- 2@, 2 (@) L] s
1 1

0) = _
[% (g—g)n—»n + % (g_?))k.u] + [i (g_f)) oL ) (S_S)L_,L] 1+ cos®8
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Form factor
Consider many scattering centers. On the j™
center

2() ik iy > o = s
Ein x e i |x xf| r—m- X;

ES(E") o E; sce ikilg-X j—ikii- X

§1,sc= field of a single scatterer at origin

Denote § = kity — kit = Ak

ESC = Z E.S('é) = EI,SCZ equj

j j
o — 2
do _r?[é - Eg| = (da) F(q) (dg) tion for singl tt
o= = -\, q ), : cross section for single scatterer

Form factor:
F@ =) el

Random medium

F@@) = Z eia'(if'f’f) = N number of scatterers
Tk

Crystal lattice (cubic)

% - aZniéi n; = =Ny, —N; +1,..N; volumeV = (2N, + 1)(2N, + 1)(2N; + 1)a?
i=1
3 3 3 . 2N +1
f=Y ez 3 [Jeme =3 eme =] [ 2
- - _ _ sinM
j nq,Na,n3 =1 1=1 ng =1 2
3 ., 2N +1
. in > q,a 1 .
F(q) = 1_[ qa typically 0(1) so —=F(q) =0 for V- o
r1 sin? 5= 4
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Exception: Bragg condition

2N 41
21T ) Sin 5 q,a
q, = ?m;_ m; = lnteger = SinM
2

- 2N, +1
F(G) o« N?%:amplification (Bragg peak) when § € reciprocal lattice
Typically: a ~ 107 m = X — ray crystallography

Long wavelength: 1 > a
L 2m A
but:q = T(n —1gy) = |q| < = only Bragg peakatm; =0

i.e., only ¢ = 0:forward scattering
Perturbative theory of scattering

Wave equation in inhomogeneous medium
€(X) = € + de(x) u(x) = g+ 6u(x)

€, [ average values 6e(x), 6u(x) small inhomogeneities
(6e) = (6u) =0

D =€E +8eE B = jH + 6uH

Maxwell's equations (no free sources, just the medium)
curlH=9,0 curlE =—-9,B divD=0=divB

curl curl (5 - e_g) = grad div D — AD + €, curl B

curl B = curl (§ —,(IE") + fcurl H = curl (§ —ﬁﬁ) + 10, D
curl curl (5 - e_g) = —AD + € d,curl (§ - ﬁﬁ) + €2 D

We obtain a wave equation with velocity ¢

o)
my
'L‘:|| =

1 - . _ =
(A — —at) D = € d.curl (B — ,(IH) — curl curl (D — €E)

c?

sources: inhomegeneities

HW: derive the wave equation for the magnetic field

1 - _ - - -
(A — C_—zat) B = —j d.curl (D — EE) — curl curl (B — ,uH)
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Consider a single monochromatic component

. 1 w
t — dependence « e7'“* = 9, = —iw and A — C_—zat = A+ k?* with k = =
Solving the wave equation with retarded Green’s function
A+ kH)¥(x) = —f(x)
1 e Tik|x=x'|
P(x) =W¥,x + —f d3x' ———=—f (X¥") retarded solution
41 [xX — x|
¥, (x): homogeneous solution (incoming field)
We obtain an integral equation:
. B 1 e +ik| X% . . B .
D(x) = Dy, (x) + EJ‘ d3x' W{ia;e_ curl (B — ,(IH) + curl curl (D - €E) }
(similarly for §)
Can be solved by iteration.
Born approximation
_ . 1 +ik| x| . .
D(X) = D;,,(X) + EJ‘ d3x' W{iwe_ curl Su( x")H;,(x") + curl curl §e( X")E;,(x") }

Scattered wave: r = |x| > |x’|

5’sc(f) =

elkr PR | — —
yp— f d3x' e~ thxx {icoe_curl Su( X")H;, (x") + curl curl e( x")E;,(X") }
Validity of Born approximation: Dy, < D;y,

Under the Fourier transform: V = ik% (exact relation, obtained by partial integration)

etkr , 6e(X)

E (%) = f d3x’ e~ ikt {—mkﬁ,u(?c’)f X Hy (%) —k —— 2 X (f X Em(:?'))}

4tr

Incoming wave:

=1 =Sy = lj{’f’ s 21y 1 i - 7 7 _ =
Eqn(X") = Egége Hin(x)_EkXEin(x) Z= |z=¢
Scattered wave can be written in terms of amplitude function

ikr

e

Ee (%) = —a(k, %)

r
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Di

RECOR

k28u( )% % (k x Eyé,etc*)

— iJ‘ d3x' e~ k®x E:
4 VA
(x X Eq éye" ik- ’4")
sz Su(x' - 1)
Ofd3 { “(ﬁx)fx(kxéo)— E(Ex)xx(xXeo)}
G=k—kz

_ k*E, (6u(@)
=5 1D (x5, x

ifferential cross section

do _r2leE.| |8 dk,2)P?

o~ E? B E?

do  k* |8 ’
o ”(Q)(Ex 8)- @ % )+ﬂ &,

d0 ~ 16m?
3e(d) f d3x' el 5e( %) Su(g) = f d3x’ el8% §p( 7

Incoming direction k= (0,0,1)
é’OJ_ = (0)1)0)

Incoming polarisations: €,; = (1,0,0)

Outgoing direction: n = (siné,0,cosh)
,0,—si e, =(0,1,0)

2

S“‘ -
e(_q) cos 6

Outgoing polarisations: €, = (cos 6,0, —sin 6)
(dcr) k" |ou(@) s
dan 1=l 16m2 ,(I ,

d k* |6u(q 8¢ (g
( i wa) cos 6 + EEQ)

an “len?| a

dQ)J__,J_
Scattering on a random medium

Scattering on a dilute gas
Molecular polarisation
P = €0VmolE
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Ex~€y, Oe(X) = g Z Ymo16(% —%;) (dilute approx. of Clausius — Mossotti)
J
A=~py 6u=0

Eé(‘j’) = €0¥mol Z eialfj
g 2

—_— 2
6e(q id-#
S)‘ =y2,, Z e'9% | =yZ,N (gas =random medium)
j
F(q)

do k*vZE o do K*Y ol
(_) = pV cos? 6 (—) =

/)y~ 16m? sy 16T

Total cross section for unpolarised incoming light

1/do 1/do k*vZ.,
“‘f da {E(E)”qﬁi(ﬁ)m}‘ or P’

Attenuation coefficient:

—_—

4 kd'}'gwl
*“= % - 61 P - _—
——
dP = —¢S = —aSAdx dx
= —aPdx
a kd- 2
= P(x) = Ppe™™  Opacity: k = i g;m Rayleigh scattering
Y y - PYmol
p(x) = 6(x_x}') €& = 14 pYmor n=\/e_}.=1+ 5
j
n—1
= Ymol = 2
2k*

a= % (n—1)* Rayleigh formula (explanation of blue sky)

Critical opalescence

Yet another way to express o
Kk Ge@|

T em| €
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€& = 14 pYmo = b€, = op = op
6e(q -1 .
EEQ) . fd3x etdx5p(X)
€ p
B 2k*(n — 1)?

s | @ [ @y e TED GGG

(...): statistical ensemble average

Typically, there is a finite correlation length &:
(8p(X)8p()) ~ e FII

Translation invariance: (§p(X)8p(y)) only depends on X — y

Zk“(n - 1)2

32 fd3x e~ %(5p(%)6p(0)) with V, ~ &3

(6p?)Vo
Scattering on density fluctuations

Zk‘*(n - 1)*?

2
32 (8p"Wo

‘T‘.IQ

Critical points: fluctuations grow - material becomes opaque.
Supplementary Material: Determining the density fluctuations

Let's take a piece of volume V, , with N = V,p the number of particles in V. The partition
function is

2
7 = E e BEi—uNy) Z_Z=ﬁ E Nie_ﬁ(Ei'“Ni) a_z_ﬁZE Nz —B(E;—uN;)
- H -
i

L
from which we can compute the average particle number and its ﬂu(.tuatlon.

A(N)
au

2 2
N = 55— (750) = BN W) = (6N = ket

vy = L9Z
BN =z5. P Zotp  \Zon

Now we use some thermodynamic relations:

), ~ &), G

TV
. dp N
Gibbs — Duhem: Ndu + SdT —Vdp =0 = (6_) =7

TV

TV
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These imply
(aN) N (aN) _ N (a(N/V))
op T,V V\dp TV ap

Using that N/V = f(p,T) we can write

), =5, ==

TV T.N

TV

Isotherm compressibility is defined as

B = — & (av) (aN) N o (5N2) = kT B (recall V = V)
= —-—| — —_— = —_— = = —_— =

T 7\3p i, SO n LV T sl 5=Pr reca 0
Opacity:

o 2k*(n—1)>
a=—== —2(6,02)1/0 4

v 3mp Van der Waals isotherms
(6p2) (8N?)  kyTBy A

p? N? Vo
o

2k*(n — 1)? =

a= TksTﬁr ?,
o
Critical point:
dp
W = 0 = ﬁT = CO
The correlation length is divergent: § = oo
. ) TR mixed liquid vapor "

But experimentally the opacity is finite! reglion T
Note that our calculation is only valid when the : >

scatterer is small, i.e., when & < A: in the vicinity
of the critical point, different approach is needed.
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Week 9: EM field of a moving charge

Lienard-Wiechert potentials

Trajectory of charge: y(t)
= p(x,t) =q6P (X -7(1)

JE ) =qp()sP(EF-7@®) b)) =

Retarded potential:

L[ (12270
4me, |X — x'| oop X

Trick: insert

1=fdt’ E(t'—t+
2 = 6(3) Uy t,
D (X, t) =4q fdt’fd3x' 6(t'—t+ ¥ - x |) (' —7(")

d(x,t) =

= —);l

|xX — x

)
€ c [xX — x|
x—y(t 1
=qfdt’6t’—t+| Y&l 1
4me c |x —y(t")]

Retarded time £: solution of

_ x —y(t

t 0
c

Displacement to retarded position of the source:
R=%-7@0 R=Z-7(®l=c(t-1D

D ) = fdt’ 6(t'—t+W)

4meyR c

Now we use

1
fdx 6(f(x)) = m where f(x,) =0

d(,  |#-7@) 1/ dj(t")
W(f‘”fmf Lre\m—ae )i

—1_7 R 0 -
= _ﬁ(f_)‘§> B

= =1

y(t) )
AN

=t

ol <
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Therefore

. q 1
o(x,t) =
4meEgR — B - R
HW: derive
- v(t
A =ted PO
ATR—B- R

Field strengths
Complicated due to retardation

E=-Vod—-09,A H=—VxA
Computing retarded derivatives

We need time and space derivatives of the retarded position and time first!

1 - o
t+ ER =t R=x—y(t) sot=t(tx) (acomplicated function)

6_65+16R_1

“ ot coat ) ) )
dR 6t6R_6t6R6Ri_6t,\( 6)@)_ 6t§ .
ot~ atot otoRr, ot ot '\ at)” "at' "
at adt . =1

At at -

at 1

it 1-R-B

g ot 10R _

ax;  d0x;  cox;
6R_§6R}_§ dy; ot . p L ot
ax;  Jox; J\" dtox) ! Yax,
6t+1§ p . dt 0

:_ — — . _—

ox; ¢ ° p X;

at 1 R;

0x; C1-R-pB

dR 0ROt ~ 1

—=—_—=(—R-v)ﬁ

at  dt at 1-R-B

R ﬁ-ﬁc

at 1-R-B
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orR . . o0t .
P =R, -R- a_ =R, -
oR R

0x; 1-R-f

Now recall R = X — 40

dR;  0dy;0t v;

at dFdt  1-R.f
dR; Bic

ot 1-R-B

oR; _ dy; 0f _

ax; Y dtox, Y
R, RiB;

ot 1 R R-fc oR; _ Bic

at 1-— Rﬁ ot 1-R-8 ot 1-R-§
ot 1 R oR R dR; RiB;
a____ﬁ a_=ﬁ —— = 0;j Py
Xi C€1-R-B 0xi 1-R-B 0x; 1-R

Electric field strength
Ei = —6‘1@ — f)‘tAi

1

1

0;® = 6(
4mey R — ﬁ R

0, (R-F® - R)=0;(R~- ﬁ'}(D R;)) = 0;R — B;(DIR; —

)--s
41{60(5,_5_ R

Lﬁ}
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_ 1 ~ ooy A (@-R)R;
C1-R- E(Ri_ﬁi(l_R'ﬁ)_Riﬁz+C—z)
= R; — B;(R — R- Rp? 4+ 2 )M
R-R- ﬁ’( —Bi(R—R-f) = Rf* +—
___4 1 “ R)R
61¢__4H60(R_§_§3 (R(l ﬁ)—ﬁL(R R- ﬁ)+ )

(R-F-R)
q a o L
Ao (R-R- )’ 2tk R)_ﬁ‘R(_R p-za R+52))
q 1 Rﬂi(R—ﬁ_” —»)

- - (R(l 59— p(R—7§)+ & R)R)

e 1 (Ru(R-F-R)

_,.I_—?’
— . 3 +ﬁ:,(ﬁR)+ (2 )

+ 51R§2)

(a R)R

Rai(R—ﬁ. R) . bR R)
- -B(f- R) -5

c2

— BiRB )
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Collecting the terms

E; = 4;’60 TR (Ri(1 = B — BiR + B:R?)
4HZOC2 R ; §)3 ((& -R)R; — Ra;(R— - R) — BiR(a- ﬁ))
SN S
+ 4H20C2 TR ((@ R)(®; - BR) — Ra;(R—f - K))
= fre ( RRi_Eéi;)g O = ; & (Rx((F-rp)xa))

Here we used

Rx ((R-RF)x @) = (R-RE)@ K) - a (R (R - RR))

R(R—E- R)
Final result for the electric field
._ a4 R-Rp oo g R x (R~ Rf) x )
E = 4 . —.3 (1 - ﬁ ) + 4 IR ]
M€ (R—-p - R) T (R-B-R)
Coulomb field of moving charge radiation term

Magnetic field strength

1 q v() )
L Lo ijkYjilk L}k}(4nR—ﬁ'R

HW: follow the method above to show that
— 1 -~ —
H=—RXE

Zy
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The field of an arbitrarily moving point charge

1 - v(t
PE ) = A =ted YO
dmeg R — B(F) - R 4T R —B(®) - R
.. . q R-RED , ﬂoqu((R_Rﬁ(a)X“(a)
E(x,t)—4 - 43(1—ﬁ(D)+4 - =3
"€ (R - B(D) - R) " (R-B®R)
Coulomb field of moving charge radiation term: due to acceleration
— 1 -~ —
H(x,t) =—R X E(x,t)
Zy
Retardation:
_ X —y(t ~
t:t—t+|C—Y(j|=0 R=x—y(t) R=|x—y@®)|=c(t—-1)
Case of uniform motion
y(t) = vt + X,
X
Choose coordinate system so that
e ¥ = vé, (by rotation of axis) )
o X} = xy€, (by shift of origin in xy plane) B g,

Soy(t) = v(t — to)
Observation point:

¢« X=(x00)
(shift in z direction to set x3 = 0, rotate around z to set x, = 0)

Origin of time measurement:
. tO =0

?(t) = (0,0, vt) f = (x; 0;0) R’ - f - ]}’(t_) - (x, 0, —va

1
Retardation: R =+/x2+v2t2=c(t—t) >t =y? (t —y—c,ﬁxz + yzvztz)

. . vz_ 2_ 1
R—ﬁ'-R=c(t—D+—t=ct—y—t=—\/x2+y2v2t2
c c 14
- v
D(t,7) = — 4 Az =td___Y g,
4mey [x2 + y2v2t2 4 [x2 + y2p2¢2
X

Equipotential surfaces: x* + y? v%t? = r? l
2
Z
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HW: derive the potentials using Lorentz transformation!
q 2
— =7 A(t, X) =0
41| X|
Transformation to coordinate system moving with u in direction z:

t’=y(t—§) xX'=x y' =y z' =y(z-ut)

In rest frame: ®(t,x) =

ud
' =y(@—-ud,) A=A, Ay =4, A, =y(AZ—C—2)
Hint: we need @'(t',x') and A'(t',%")!
Field strengths

7(®) = (0,0, vt) ?c_(xom R =% —7() = (x,0,—vi)
f\”—Rﬁ=(x0 vD—c(t—j (0,0,v) = (x,0,—vt)

= — 1
R—pB-R= ;,/x2+y v2t?
. q R-Rp y
E = (1 -9 = x,0,—vt
41e, (R _E_ ﬁ”) Ch 47’[6 (x2 + y2v2t2)3/2 ( )
A=—RxE
=7
~ 1 1 1
X (x,0,—vt) = —(x,0, —vt) X (x,0,—vt) = (0,—vx(t—1t),0) = —(0,—vx,0)
R c(t—1t) c
H= a 14 (0, —vx,0) using cey = l
4w (x% + y2v2t2)3/2> Zy
How does the electric field look like?
Along direction of motion: (x =0,z=—-vt =71): E = — 1
y? 4meor?
Perpendicular to motion: (x =1,z =0): E=y dmegr?
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Ultra-relativistic case y > 1: "squashed" in direction of motion - almost purely transversal!

accelerator beam line
e
v

0D 0008 O®BB® clcctromagnetic field sensors

/\ R

position of particle bunch signal

It can monitor not just position along beamline, but also displacement in transversal plane by
comparing fields around circumference - important for beam direction and focusing.

HW: derive the fields using Lorentz transformation!

— o q f
In rest frame: E(t,x) = ——

47’[60W B(t,f) =0

Transformation to coordinate system moving with u in direction z:

t’=y(t—§) xX'=x y' =y z' =y(z-ut)

E; =y(E, — uBy) E, =y(E, + uB,) E; =E,
, uk, , uk, ,
Bx=}’(8x+c—2) By:Y(By_C_Z) BZ=BZ

Hint: we need E'(t',x") and B'(¢t',%")!
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Week 10: Radiation field of accelerated charge

Field of a point charge in general motion

1. Retardation
- x —y(t

- 0 R=%-7®  R=1Z-7®l=ct-D
oF 1 R _ R-fc R, Bic

dt 1-R-B ot 1-R-B ot 1-R-f

ot 1 R dR R; dR; RiB;
AT TT =3 A= 3 =06+t ———

0x; cC1-R-B 0 1-R-B 0x; 1-R-B
2. Fields

Y R x ﬁ—Rﬁ(D)x&(D

- q R-RB® Hoq ((

E(%0) = (- O+,

(R-F® - R)

radiation term: due to acceleration

Coulomb field of moving charge

—

1 -~ —
H(x,t) = Z—R X E(X,t)
0

Angular distribution of radiated power

B %qﬁx«§_mxa)
E 3

= — — 1 2
Sraa = Erqa X Hyqa = Z_RE rad = 4cR (
0 1—

rad

™
)
o

_%qﬁxﬁﬁ_@xﬁ)
4R (1- g- R)B

Choice of coordinate origin: retarded position of charge y(f) = 0 = R=%

Radiated power computed per unit retarded time (W=energy):

_dW _ aw dt

- =PR2 A-_’ —A-_’
dP = —==———=R?OR -5 - R- )
2
AP Z,q? xx(( _ﬁ)xﬁ)
a0~ 1672 5

Example 1: charge accelerating along a straight line

FIE = fx((f—ﬁ)xﬁ)=fx(£x§)
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0: angle between line motion £ || f and direction of observation X

5 . a
=|fxﬁ'|=ﬁ'sin9=;sin9
1—ﬁ-f=1—ﬁ'c059

dP _ Zyq*a* sin? 8
dn ~ 16m2c? (1—-pfBcosB)>

Non-relativistic limit: dipole pattern

B =0:

direction of acceleration

Ultra- relativistic limit:

’ 1 1
— (1 _ p2\-1/2 — a1 —
r=A-p»1sp= 1-Ssi-os

Radiation is dominated by direction 8 ~ 0:

92
sing ~ 8 c059~1—7
1 6 1 ,

dP  2Z,q*a’y®  (y6)*
Ao~ micz  (1- (y6)?)s

2

N\

Function f(x) =

LV

1/2

Note also that [,,,4, &

Omax = 2_
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As seen from the front

Example 2: charge in circular motion

Choice of coordinates:

L oa
B = pe, ﬁ=E§x X = (sin6 cos ¢,sinf sin ¢, cos )

S 5 a
B-X=fcosf ﬁ'-f=;sin9cosgb

6: angle of line of sight to velocity (direction of motion z)
¢: angle of line of sight to plane xz of circular motion

z

dP _ Zyq*a® 1 sin? @ cos? ¢
dQ  16m2c2 (1 — B cos )3 y?(1 — B cosB)?
1 { 4 y20?% cos? ¢

CEIERE

e M—ZQZ)B } for ultrarelativistic motion

Concentrated in a cone around direction of velocity (8 = 0)

With half opening angle ~ 1/y

But: depends also on direction relative to plane of motion (¢)
Radiated power: relativistic generalisation of Larmor formula
In system where the charge is at (instantaneous) rest (ﬁ = 0):
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2

dP _ 2o “((f_ﬁ)xﬁ) _ L)
dn ~ 16m? N " 16m2
(1- B %)

dP Zoq
f dQ— - Larmor formula

Relativistic generalisation

p=[and P Ly (@ - (xa)’)

Complicated derivation: perform integral

Simple derivation: use Lorentz-invariance

In reference system v = 0: time derivative of radiated energy W given by

_dW _ Z,q*a’
T dt  6mc?

In system where v # 0
dw' dw

t'=yt W' =yW — =
4 v so dt’ dt

We only need a Lorentz invariant expression for a® where @ is acceleration measured in particle's
own reference system.

Proper time: dt = dt/y (relativistic invariant)
World-line: x* = x*(t) = (ct,f(t))

Four velocity: contravariant vector
dx* dx*

no_ _ _ = e oy, 2.2 222 2
ut = = = (yc,yv Note: u*u, =y“c vt =c
FEEmR AT (yc,yv) w=Y Y
Four acceleration: again, contravariant vector
dut dat . )
at = —— (c,v) + y(0,ya) a:usual 3 — acceleration

ar 't _”dt X
dy d . v?\z2 1 . v?\ 2 25-& A
dt dt c_2 T2 cZ c? -y c?

=(y*f-a v*B(F - d) +v2d)

,,_-.

a#:
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In ﬁ = 0 system

a* =(0,a) = ata, =-a*

So, the covariant formula for the total radiate power is

Zoqz
— e — lu'
P = a“ay

Now we need to express the invariant a¥q,, in the moving system:
= 2 =, 2
ata, = (y*p-a) —(v*p(B-d)+r*d)
= 2 5. 2 = 2
=y'(B-@) —y°B*(8-a) —y*at—2y°(p-a)
=y2—p)(F-a) —y'a —2y°(F- )

.ﬁ

- ( (522 - (ﬁ-af))
= a—(ﬁ'xa))

So, we finally get the relativistic Larmor formula as promised

Zqzy ( (ﬁ'xa)) Q.e.d.

6mc?

Note that
ﬁz
=(1-p? )'5—1+—+0(ﬁ'

Therefore

Zyq?
P= a*(1+o0(p?

61 Cc? ( # ))
So, the relativistic corrections to Larmor formula are 0(82).
Radiation in accelerators

(details in exercise class and homework)
Assume ultra-relativistic motion y > 1

1. Circular motion (synchrotron)
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w
W = ymc? p=mﬁ'cym?

Zoqzcz( w )4 2mr
~enr? \mc2 e
Under one revolution
Zoq%c s W*
SW = ( )
3r \mc?

Advantage of accelerating protons:

m 4
(—e) ~ 610714

my

LEP2: 100 GeV LHC: 7 TeV beam energy in same tunnel!
Collision energy: 200 GeV vs. 14 TeV

Synchrotrons are also used as radiation source (e.g., ESRF Grenoble)

2. Linear motion (linear accelerator, linac)

P

Zyq? (dp)z Zyq? (dw)z dp _dW _1dw
dx

=E»r.rmzc2 dt dt  dx c dt
P Z,q% dW

aw ~ 6mm2c? dx

6mrm?2c?

Radiation loss prevents further acceleration when

P 1
oW

For electrons the necessary field strength is

vV vV
E ~2.7-10%° — Maximum available today: 10'? —

Theoretical maximum possible electric field strength

10'® — (Schwinger limit; spontanous pair creation)
m

Radiation loss in linear accelerators is always negligible!
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Week 11: Radiation of a moving charge: distribution in frequency and
angle of observation

Reminder from two weeks ago
1. Retardation
_ X —y(t

: . 0 R=%-y®  R=|#-y®l=c(t-D
oF 1 R _ R-fc OR; Bic
dt 1-R-B ot 1-R-B ot 1-R-B
ot 1 R dR R; dR; RiB;
TS Ao =T =0t ————=
0x; cC1-R-B 0 1-R-B 0x; 1-R-B
2. Fields
.. . q R-RE® y s Hoqg R X ((R - RE®) % “(D)
Et) =7 - ==+ 4 -3
"€ (R-B(® - R) " (R-B®R)
Coulomb field of moving charge radiation term: due to acceleration

—

1 -~ —
H(x,t) = Z—R X E(X,t)
0

o N - 1 .
Sraa = Eraa X Hyqa = ZRErzad

Z,q R ((ﬁ - @) x a(a) 2,0 R ((ﬁ —f(®) x 5@)

E’ra x,t) = " "

Now we look at what the distant observer sees (in observation time )

dw

dP === R3O R -Syqq = HOIRL
ar . 2 . o 1 -
E = |A(t)| A(t) - \/7—0 [}:\"Era(i]}_et
Emitted energy (angular distribution):
aw fmdt A Aw) = — fmdtj(t) ot
an J_. V2m o
= f do |A(w)|’
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= Zf dw |;Z1’(co)|2 since A’(—w) = A’(w)*
0

Angular and frequency distribution of emitted energy:

i)

dodn A1

4 1 (° L 4 1, .

Alw) =— | dtA(t)e™* A(t) = —|RE;ad]
m oo \/Z_O ret

:t:u
/-'—"\
Fomn)
=v)l
|
=T
f—

X
=T
~——

A — dt etot
()= J32n3f_m ‘e (1-§- §)3

ret

Change integration variable to retarded time:

t—t+£ dt =(1-§- R)dt

mnRxUﬁ—@xﬁ)

— iw $+—

A di e
((U) ,32]'[3 J‘_m (1 _ ﬁ—v ) ﬁ 2

p—

Large distance: r = [x| > |<?(B|
RO =[Z-E@|=r-%-&D+00™) R=2+00"1

e (. REE X A_ﬁ ﬁ)
Aoy = L e ety x(e-)

V3213

We can relabel the integration variable £ — t and write

: . iggfx(@—ﬁunxﬁaﬂ
dd :; = 2|t’7(w)|2 C(w) = q‘/Z_OBJ‘ dte <t c ) —
w v32m3 J- (1 _f.ﬁ(t))
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Funny relation

% ((f - (1)) x E(t)) d (f x (% x ﬁ(t)))
T dt

(1-% F®) 1-2 ()
Proof _ .
i(fx(fxﬁ))_fx(fxﬁ)(t{—f-ﬁ)—fx(fxﬁ)(_f.g)
dt 1_f.ﬁ (1—f‘ﬁ)2

Now we can compute

xx(xxﬁ')(l—x ﬁ')—xx(xxﬁ)( )
=2 x(2xf)- (f(f-ﬁ)—ﬁ)(f-ﬁ)+(f(£-ﬁ)—ﬁ)(f-ﬁ)
The underlined terms cancel

_xx(xxﬁ)+ﬁ'(x F) - ﬁ'(f ﬁ) fx(fxﬁ;)_fx(ﬁxﬁ;)
AX((f_ﬁ)Xﬁ) Q.e.d.

So, we arrive at

o ff(r)
E(w) = J‘ e r X % (x X ﬁ'(t))
\/321{3 dt 1-%-B(0

Partial integration gwes

N 0]
Ew) = q\/_ (x x (% x ﬁ'(t))) (r : )

V3t ) —-X-B()
o 7, (IO, 550 o
= S lw — e
328 o 1-2-3@) c
Lcoq\/_ il t- f'im
= f dt £ X (xxﬁ'(t))e ( )
Recall
d*w oA 2
dodn = 2C@)

If we also observe outgoing polarisation é:
d*w
dwd

= 2
= 2[é" - C(w)|
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So, the end result is

Angular and frequency distribution of radiation by a moving charge
_f-?(z)) 2

W _ Zoq*e” é"“fmdt fx(fxﬁ(t))e“"(‘ c

dodQ 1612

Example: synchrotron radiation

4

=

X

. 1 .
E(t) = (psinwgyt, p(1 — cos wyt),0) B(t) = B (pwg cos wot , pwg sin wyt,0)
% = (cos8,0,sinf) ¢;,=1(0,10) €, =(—sinf,0,cosb)
UR limit: only very small 8 cone contributes

2 21
(U0=_ T=_p

C
= (U0=_
T C

é, = (0,1,0) polarization in plane of motion
e, =~ (0,0,1) polarization perpendicular to plane of motion

We get a complicated integral (cf. Jackson) which evaluates to

d*Wy  Zoq? jwp\? (1 2 wp (1 3/2
dwd ~ 1217 (T) (]?Jf 92) Kp3()? &= g(FJF 92)
dZWJ_ Zoqz wp 2 1

dod  12r2 (T) (F + 92) 67Ky /3(8)°
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A few properties of synchrotron radiation

Frequency dependence: intensity
A
aw acwy  d*w,
— = f dQ Ly
dw dwd)  dwd)
o« w!/3 w K w,

o ’3e“"f“’c w > W,
We

where the critical frequency is
3 ;¢
. = — —_ ~
[ 2 }, p r

Ratio of total intensities: |[: L= 7:1 allows to determine plane of motion!

Typically, circular motion happens in magnetic field: polarisation allows to determine direction of
magnetic field, frequency dependence allows to estimate magnitude!

Examples:

1. Messier 87 active galactic nucleus (supermassive black hole) - relativistic jet
M, =~ 6-10° x (mass of the Sun)

The relativistic jet from M87* Black hole shadow and photon ring
(Hubble Telescope) (Event Horizon Telescope)
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2. Crab Nebula: pulsar wind from supernova remnant (1054 AD)

Hubble Telescope image Hubble (optical, red) + Chandra (X-ray, blue)
composite image

3. Jupyter's magnetosphere and Earth's van Allen belts

Synchrotron radiation (radio waves) from electrons trapped
in Jupyter's magnetic field. It appears to wobble due to the
planet's rotation and misalignment of magnetic field with the
rotation axis.
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A cross section of Earth's Van Allen radiation belts

Rotational

N/

Outer
Radiation

Inner
Belt

Radiation

Belt Inner
Radiation
Belt

Magnetic/

JAVAES

4. Undulator as synchrotron radiation source

Outer
Radiation
Belt

Further information: https://en.wikipedia.org/wiki/Synchrotron radiation

E.g., ESRF (European Synchrotron Radiation Facility) Grenoble, France.
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The most intense source of synchrotron light: X-rays 10'' times brighter than in hospitals.
Produced in an electron storage ring 844 metres in circumference.

Physical explanation of the critical frequency

How long does the cone point towards us?
In retarded time it is given by the interval it takes for the charge to traverse the cone opening

angle A6:

_ AG
At ='O—c<£
c yc

But the observed length of this pulse is

At=(1-2 At~ (1 - p)AE L= F
- X ~ ~2y2 _2y3c

So, we observe flashes of light every 2mp/c seconds, each of them an impulse of length At.
Then the typical frequency dominating the signal is

1 2y C . . . 3 .c
which is consistent with w, = 2)/3 —

A simple explanation of the 1 — 8 factor
Charge travels towards us with velocity v and we are at distance r from it.
Leading edge of pulse leaves charge at time 0, arrives at us at ty = r/c.

Trailing edge of pulse leaves charge at time At, but by then distance is r — vAt, so it arrives at us
at ty + At = At + (r — vAt)/c.

Therefore

_ r—uvAt
At = At +

T_ 1 AF
——=(-pa
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Field of a uniformly moving charge in a homogeneous medium
p=qs®E-t) J=qvs® & - bt)

p = > L P
A—pedp)d® = —— (A —pued®)A=—puj = -z
(4 — pedy) . (4 — pedy) W uev( 6)
Take Fourier transform of all fields:

X 3 ik-F—iwt
[0 =5 f dwd?k f(w,k)e
f(co, E) = J‘ dtd3xf(t, x)e—l.k-xﬂ,wt
For the charge density
,O((U, E) =q J‘ dtd3x 6(3)(;‘(’ — ﬁt)e—iﬁ-fﬂwt
=q J‘ dt ei(ﬂd—i{.'ajt = Zﬂfqa((l) _ E . 1—7’)
(—k? + uew?)d(w,k) = __5( =)

Potentials in Fourier space
21q 8 (w — k- V)

CD(co, i_{’) = e kI ca? j(a}, i_{’) = ,ueﬁcb(co, i_{’)
E=-Td—-09,A = E(co k) = —chb(co k) + m;A(co k)
B=VXxA :B(m,k)—thA(co,k)

Fields in Fourier space
6((0 k- v)

E(co,k) = e’

§(co, E) = Uev X E"(co, i_{’)

_pfe— )

Next time we transform back to real space and compute Cherenkov radiation:
(This is also the starting point for transition radiation):

Frequency decomposition of field of charge in uniform motion in a medium

R qA , . igA?
E.(w,x) = MZIQ(A?‘) Ey(w,x) =0 E,(w,x)=— " 2K, (Ar)
B.(w,X) =0 By(w,x) = pevEy(w,X) By(w,X) =0
w 2
= ;\#1 Uev? = —= v = (0,0,v) r:distance from line of motion

ﬂ.

83



Week 12: Cherenkov radiation, Brehmsstrahlung, transition radiation

Field of a uniformly moving charge in a homogeneous medium
p=qs®@FE-vt) J=qus®@RE-vt)
p 2 > S P
(A —ped)® = ——= (4 —puedi)A= —p = pev (— —)
€ €
Take Fourier transform of all fields:

f(t,f) (n )4fdmd3kf(w k)eakx —iwt
f(co, E) = J‘ dtd3x f(t, x)e—l.k-xﬂ.{ut

For the charge density
p(co, E) =q J‘ dtd3x §®(x — ﬁt)e'ﬁ"'.'f"'i‘“

=q f dt ei(@-kDt = 2mq8(w — k - )
(—k* + pew?®)@(w, E) = ——S(co 13)

Potentials in Fourier space
21q 8 (w — k- V)

cb(co, i_{’) = e kI ca? j(a}, i_{’) = ,ueﬁcb(co, i_{’)
E=-Td—-09,A = E(co k) = —chb(co k) + m;A(co k)
B=VXxA :B(m,k)—thA(co,k)

Fields in Fourier space

6((0 v)
k? — pew?

e

E(co ) = — co,uev—k) E(co,ﬁ) =ueﬁx§(m,i_{’)

Back to real space, keeping frequency decomposition

Choose coordinate system so that
v =(0,0,v) x=(0,0,7)

i.e., we compute the frequency decomposition of the field
observed at a distance r from straight line trajectory of
charge.

\Lm

N Y
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e " (wuev — k)

2mi 3k . §(w—k
Fwd= 22 o k)

€ (2m)3 k% +kZ+kZ— pew?
X w 1
= 41{2 fdk dk, —e‘ xr co,uev—; Y
—ros ) K+ (3) - pew?
A2
= fdk dky e'*x L ,#1 UEV? 1_v_2
41[ €W k% + ki + A2 cz
igA? J‘“’dk eor 1 J‘ p 1 n
= — et —— usin X———=—
dew )_,, [kZ + A2 & 2taZ a
iqlz [ eis}lr
= — d h k,=A
dmeav ) s 1 where k, s
e an
T 4mew 4
Homework: derive similarly that
2mi d3k . §(w — kv
Ey(w,x) = d f e (—k,) ( V)
€ (2m)3 k%Z + k3 + kZ — pew?
lq;l. Juoo Seis}lr
= — ds
dmev J_, s?2+1
; qA
Ex((U,X) = mZKl(A‘r)
Also note that
Ey(0,%) =0 B(w,#¥) = (0, uevE,(w,%),0)
The end result is
Frequency decomposition of field of charge in uniform motion in a medium
R qA , . igA?
E.(w,x) = MZ!Q(A?‘) Ey(w,x) =0 E,(w,x)=— " 2K, (Ar)
B.(w,X) =0 By(w,x) = pevEy(w,X) By(w,X) =0
vZ
\#1 pev? = — [1——
Cﬂ.
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Large distance asymptotics

s s
Ky($) = \/2:58"5(1 +0(¢™ D) K= Ee"f(l +0(E™)
E N 2mA g N E o iAvE .
x(w;x) ~ ATrev Te y((U,X) - Z((U,X) ~ _? x((U,X)
B.(w,X) =0 By(w,x) = pevEy(w,X) By(w,X) =0

Cherenkov radiation

For a given frequency component there are two cases:

e v < c,(w): fields decay exponentially away from trajectory
e v > c,(w): A imaginary - fields go as r~1/2 - cylindrical radiation wave!

ExB =S,=—evE,E, S,=0 S,=evE?

S= N

==

Angle of radiation

Sy E, ilv w v w |v?
tmg=—=——=— 1= —|[l—-—=i— |——-1
Sz E, w v c2 v .| c?
vZ 1 CZ
tanf=— [——1 cos!f=—— =12
,’C% 1 +tan28 v?2
. C
Cnlt cosf = —
v

0 /vt |
|

—

Geometry of wave front emitted by the charge after time ¢
Energy radiated per unit distance travelled

Radiated power:

dW e o /\
P=W=ﬁ;df-5=2m‘f dz S, |
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dW_ldW_ J‘°° dZS =7 mdtlE(t)B ©
@ Tvar D Se= | de B (0B,

Computing the time integral in Fourier space

f dt f(£)g(t) =f dtfi—(:e“‘“f(w)fi el“’tg(w)
- _Tiw do' dw
= [ 52 [ G20+ @)f(@) g@) = [ G2 f(@) g(-)
- f 29 g
_o 2T

dw iAv

= = —zrf da; E,(w)By(w)" = —ZrJ‘ dw — (——E (w, x)),uevE (w, %)

2mA v2 v2
E.(w,X) = 4 —e Ar A—— 1———1— —-1
TEV c? c?

We look at radiation i.e., r = oo: only frequencies with ¢, (w) < v contribute!

dW iAev? .
- _ _2rf do|( — |Ex (w, X)|?
cp(w)<v @

eviw |v? q*
=—zf do—— |——1—— 27|
cp(w)<v

w v |c? 16m?e?v?
2 ch(w
-9 dow p(w) |1 — ”(2)
4m cplw)<v v
Frank-Tamm formula
daw  ¢? 2 _
rri e dw wu(w) |1 m n(w) = V& (@) pr(w)

n(w)

Nobel prize (1958)
Cherenkov: experimental discovery Frank & Tamm: theoretical explanation

Note: for large frequencies

wj
nl(w) = 1—E<1

So, frequencies above plasma frequency do not contribute.
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But: [ dw w is dominated by highest allowed frequencies, typically blue and soft UV

= Cherenkov radiation is normally a faint bluish glow!

Optional material: Brehmsstrahlung

Imagine that the charged particle with charge g = ze has a collision which changes the velocity
of the particle from an initial value cﬁ to a final value cﬁ’ in a time 7.

Last time we derived
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2w . 2 0\ Zo 2O g (2% (2 x (D))
doan ~ 2@l @) = V3213 J- te ( )E 1-2-f(b)
S50
AW Zyqg?|.. [® 2x (2 xfD) ( @) ’

= e’ dt
dwd)? 16m3 f dt\ 1_z. B(b)

Let us compute the low—frequen(,y limit w < 771

2 2 o]
- d*W  Zoq é*'f dt z X (xxﬁ(t))
e A\ 1-%2. 30

w-0dwd ~ 16m3

C Zoq?|., (2x(2xp) zx(2xf)
16m® 1-%-p 1-%-8
Usinge” -2 =0
2
d*W  Z,q*

lim

. (B B
osddwdl  16m8 |° (1_f.§f_1_f.§

Quantum case: we can compute the number of photons by dividing by Aw:

- = 2
. d2N 7202 . g F;
on0dwd 16m3eychw ¢ 1-%- 1-%-8
i.e.
2
d*N e? z?

li =
heb 0 d(hw)d 4meyhc4m?hw ¢
1
“=137

We therefore get
i d*N  z’a
heb 0 d(hw)dQ ~ 4m’hw ¢

This can be written in a relativistic way:

. - w
p' =Mc(y,yp) p" =Mc(y'y'p') k'=—(1%) €' =(08

€ -p=Mcyé - f .p' = Mcy'é*- B
k—p=Mwy(1—f—§) k p=Mwy(1—f-§’)
d*N zta w?|e’ P € -p|2
hlc}}—»o d(hco)d!) 4m2hw c? |k - p' k- p |

d?N _ Z%a

. 2
e -p' € -p
k-p' k'p‘

clu—»O (w/c)d(w/c)dN ~ 42
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Now use that k, = w/c = |E| so d3k = kidkydQ to write

|2

i d®°N  Z’ale"-p' €-p
w0 d3kjky  Am2|k-p  k-p|

Remark: d®k/k, is a Lorentz invariant combination.

The same can be derived in Quantum Electrodynamics from the Feynman diagrams

K..Ta

[ |

I |

| [

x x

Original scattering Emission of soft photons
Optional material: transition radiation
-
Assume a particle is passing from % = (sinf,0,cos 0)
vacuum to a medium, perpendicular /
to the boundary surface —> =
Zz
The medium on the other side
becomes polarised, and a small piece around
X' produces a radiation of the form
ikr
(radiated field observed at point ¥ ) « P (¥") e~ tkEX
r
P(x"): polarisation of the medium at pointx’ = (p’cos¢’,p'sin¢g’,z")
cylindrical coordinates
Now we use the frequency decomposition of the field of the charge
Ey@D~ — 2o Fy0,8) =0 B (0,9) ~ — By (@, 9)
w,X) = —e w,X) = w,xX) x ——E,(w,x
p dmev | p ¢ z w P
B,(w,X) =0 By(w,X) = pevE,(w,xX) B,(w,X) =0
2w o
A=—1—p€ev? = — |1 —— = — note that now this is always real!
C vy
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Because of the exponential decay away from the z axis, only the cylindrical region

Let us consider the phases!

Incoming field (moving charge):
p(co, E) = 2nqé(w — k,v) = k, =

Outgoing field (radiation):

eikr . eikr
e~ ikXE — e—ik(z'c058+p'sin6‘cos¢>]

r r
Total dependence of the phase on the radiator position

2z 2
ev e

_icn?w)(z’ cos@+p' sin 6 cos $) — e LE(%—n(w) cos 8)2’ —iwnc(_w)p’

sinfcosg¢

We must integrate over X' but: regions with rapidly varying phase are suppressed! This is the
stationary phase approximation (useful in optics, and quantum mechanics).

wn(w) yv
fd’- psm@ 1= c()y

UR motion: v = ¢ alson ~ 0(1)

—sinf@ <1
w

o1 1 1 — —3
sm95)—/ :95)—/ orn—GS; — T
dz': = (1 e)d 1 Yv
f - E_n(w) cosf Jd(w) = 3 _ \—: radius of domain
- adiato w
*—> omain
Typically: high frequencies (X-ray) ‘ , l ' z
(02
n(w)~1——= ) .
w2 d(w): depth of domain
UR motion:
1 14 1 d(w) = Zyc 1 )
—_ = = = —
B 2y? @ w, v+v1 v YWy,
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Maximum depth where radiation comes from

dw) =15

Wp
For typical materials: ¢/w, = 1078 m = 0.01 um
Typical frequency is determined from size of radiating region

3

C 1
V(w) = mpmax(w)?d(w) = 271'( ) m
Cut-off frequency: v ~ 1

Weytoff =YWy wp:UV and y > 1 = X —ray!
Particle detectors based on Cherenkov and transition radiation

Cherenkov detector

Can measure velocity and direction of motion as well!
particle

Cherenkov light
Cherenkov

light \\\ mirror

photo .
thdm?\ C_E, gas radiator

Charged ‘u.l.q::: / d:) C:}‘ UV photon detector
i 1

Neutrino

particle
in water Chembt-rf"""

fight C,E, Tiquid radiator
Photosensors / T

Ring imaging Cherenkov detector (RICH), used at the LHC in CERN
Transition radiation detector

Radiation happens both on entry and exit, same intensity: use a stack of thin foils (10 — 100 um)
to enhance signal, X-ray photons can be detected by scintillators.
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Week 13: Radiation backreaction

Backreaction from radiation
We consider non-relativistic motion for simplicity

Energy loss of an accelerated charge: Larmor formula

Zoqzaz B qzaz

Pogg = =
ra 6me2  6meyc3

-

v — =
mE=F3xt+Frad

F.4q: force of backreaction from radiation energy loss
e Vanishes when # =

 Work made by F,,,; accounts for P, 4

« Proportional to g2

t, t, q? t,
dtFrpq - V=—| dtPgq =— 3f dt v?

‘ ‘ bmegc® J,

1 1 1

tz ity tz
dtv2=[v-v] — | dtv-v

t t t

1 1

Assuming first term is zero (e.g., no acceleration outside interval or periodic motion)

Abraham-Lorentz force
2 2

. ;= q
6meyc3 6me c3m

—
characteristic time scale

Particle with longest time scale: electron
T~62-107%*5s

Where does it really come from? Is it possible to give a proper derivation?
Abraham-Lorentz derivation of radiation backreaction

Idea: radiation loss is carried away by EM field of charge
= accelerating charge must interact with its own EM field!

dp S
(E) —fdx(pE+]xB)
mech

E=Ee+ Eself B = Bex + Bself
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dp dp ,
(@), (@), =P
mech EM
dp S,
(d—f) =—fd3x(pEs+]XBs)
EM

Assumptions:
o Particle is instantaneously at rest (choice of reference system)

o Charge distribution of particle is rigid and spherical occupying a small volume V

dﬁ _ 3 S - _ 3 = =1 =
— =— | d’xp(t,X)E;(t,X) = | d’x p(t,x) | VO(t,X) +
dt v v d
EM

Retarded potentials:

oy ,[p t' _’I)]ret Ll |f—£r|
(D(t,X) = ]’[EOJ‘d?,x W [---]ret-t =t—- -
NGRS res
D =g | ex

Assume that particle is highly localised: retardation time is short.
During retardation time: motion of charge changes only slightly
= use Taylor expansion to evaluate effect of retardation

[ ]ree = Z( 1)?1(_) Fr [ ]er=e notation: R = |X¥ — X

n! c

e

B =72 f Py L Sy 1)” (?) 6“2(:;:?')

n=0

o(t,x) =

dp R dA(t, %
(d_f) _ J; d3x p(t, %) (Vcb(t,f)+ ;t x))
EM
="

= fd3 fd3x’ p(t, xX) —[p(t (R 1) +

n! c"4me,
n=0

First two terms in scalar potential part:

-1
n=0: fd3x J‘d3x’p(t,f)p(t,f’)\7§
v

4me, )y,

AL, %)
)

R” 16](1?

ot

This is the static self-force which vanishes for a spherically symmetric distribution.
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n=1:0since V(R°) =0
We can then relabel the sum in the scalar part

i — f d*x f d*x' p(t, x) [p<tf’)V<R” gl

n! c"4me,

n=2
-1 n an+2 t, v V Rn+1

(-1) fﬂ’?’ fd?,x,p(t p(t, #)V(R™1)

On‘ c"247e, a2 (n+ 1(n+ 2)

n=

So
dp — (=) ; g+l
(E) - Zn!c”+24ne de fd3x pLX)R™ 16t”+1[ ]
EM n=0
where
ap(t, %) V(R™1) L
e T CT N CES )] A
G R _ .
p(atx) I(CED HW: ¥(R™1) = (n + 1)R"R

Using the continuity equation:

ap —i 1) fd3 faﬂ R 2 e 2 R [(t,%")
dt EM_ n!c"24me, J, X v P g [/ (B n+2 Jtx
We can compute the last term as

R ¢ |
3. pn—-1 ]i (t:x) _ 3,791 n—1 . =1
fd x'R s 261 = surface term +fd x'd;'(R R)n—_l_ zjl(t,x)

S —————
0: localised source

T ZJ;;dgx'ai'(R”'lR)fi(t:f')
e Jt%) R 5
_—n+2Ld%R 1@& )+m—1%—§——ﬂ)

n—1)R;
HW: a:(Rn_lR}) = —Rn_l (%R} + 6,'})
So, we can substitute
= o 1 = j(t,f’)'ﬁ—)
t,x' - t,x' —1)———R
[..]-=J( x)+{ n+2(]( )+ -D—p )}
n+1. n—lf(t,f')-f_?’
n+2]( ) - n+2 R2

o)
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into

dﬁ _ - (_1)?1. 3 3.0 ypn—1 6n+1
(3),, = Zerrersrime [0 e o St
EM

n=0

Furthermore, for a rigid charge density moving with velocity v(t)

J(t, %) = p(t, 2")D(t)
SO
n+1

[+5] ( 1)” 2 ., . n+1 o
( ) Zn‘cm'zé}r[ J‘d x p(t, x)a n+1J‘d x'R™ ?p(t,x U (t)

n=0
n—1p(t,x )v(t)'R§
n+2 R?

Consider the second integral term

' _ p(t )V(t) R—) ]' p(t )ﬁ'ﬁ’ 1_5'}_?’_’ — — — 1_5'}_?’_’
J;d?,anl Rz _J‘Vd?’ Rﬂ.l Rz vz ‘U+RJ_ RJ_=R_ vzv

Now since p is spherically symmetric, the integral still has symmetry of rotation around direction
of ¥ = the integral over the term containing the component R, perpendicular to ¥ vanishes.

n+1

> (-1 3 3.1 pn-1 - n+
( ) ZH’C”+24H6 fdxﬁ(t %) tn+1fdx R™p(t, X)0(8) |-

n=0
n—1(v- R
n+2\ vR
Due to spherical symmetry, the second term can be replaced by its average over all directions of
R:
— o d 2
V'R 1
_) —
VR 3
1 R\ 1
HW: check that indeed —f dQ|——| ==

41 vR
Hint: choose z axis in direction of ¥ and use R = R(sinf cos ¢, sinfsing,cos )
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n! c"24me, n+2 3n+2]
2/3

* n gn+1 _
( ) Z (-1 J‘d?’x p(t, x)a n+1J‘d3x1Rn 1 o(t, #)B(t) n+1_1n 1

=]

n+1

[es] 1 n
=) e c("*z)Emt f @ p(t,3) 5= f dx' R"1p(t, #)3(0)

n=0

Let us expand it to 0(RY), i.e., keep only terms n = 0,1:

dﬁ 1 3 3 ,P(t,f)p(t,f') : 1 5 . ., "
(E) ~ 6mceg J;d g J;d * R V™ Brcie, J;d x p(t,X) J;d x' p(t,x)v
EM

So, the complete equation of motion

dp dp N
(a) ' (a) ~ fen
mech

EM
becomes

2

L = q 3

my +m v=F, ,+——7
(my Em) ext T ¢ €,C3

4Wself
Mgy = 3 o2

Wserf = self — interaction energy

f 5 PLDP(LF)

=X

Problems:

e 4/3 does not conform with special relativity. Although we did a non-relativistic derivation, it
must give exact result in instantaneous rest system.

o Taking the limit of a point particle, we get the Abraham-Lorentz force exactly, but the self-
energy is divergent.

The Abraham-Lorentz model of the electron

Self-energy for an electron modelled as spherical shell with radius r and charge g=e

1
Wse;_}r = J‘ dBXEEOEZ

HW: compute
eZ
W, =
self ™ 8re,r
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Electron mass is the sum of "bare mass" and electromagnetic mass
Wself

me=m0+ Cz

This means that

Wser e’
D <m, 5r2ry= o~ 14-10""m
c 8meym,c

Classical electron radius:
2
€ —-15
T =75 % 28-107"m
4meym,c

The electron cannot be smaller than O (r,;).
Precise numerical coefficient depends on the detailed model of charge distribution.

HW: assuming that the electron is a uniformly charged sphere of radius r, compute
3 e?

5 4megr

Wself =

Further problems with Abraham-Lorentz force

1. Self-accelerating solution in absence of external field

2
f=mri  r=—1
6me,c3 6me,m?c3

Simple solution:
U = v,et/T WHAT???
2. Acausal motion a.k.a. signal from the future

m((t) = 10(t)) = Fexe ()

Note that

d
. _ . — tf _ _tf .
v(t) — i (t) TE rdt (e rv(t))

d
—mret/" i (e “f’i)(t)) = F,..(t)

So, we can rewrite

d 1 1 '
ma(e‘tﬁiﬂ(t)) = — ;e‘”’Fen(t) = me Y™w(t) = ;J‘ dt' e t/TF,.(t")
t
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and so
; L 1 o—(t'-t)/T '
mv(t) = = dt' e Foe ()
t

Acceleration at time 7 depends on future values of the applied force!

Problem: presence of third time derivative ("jerk")

d3x

v(t) = W

incompatible with general principles of mechanics!

Note:
2 T'C;_

3¢
Problematic time scale corresponds to classical charge radius!

Improving the derivation

1. Poincaré stress tensor contribution

Stabilising the charge density needs force of non-EM origin
= Poincaré stress - also contributes to rest mass

Can be done in a covariant way, guaranteeing relativistic consistency (Jackson 16.6)
2. Repairing acausal behaviour

mv = Fppe + mtv

Use zeroth order equation of motion to replace

-

. dF R oF -
mb =Fopp + T— = Fopy + r( ext 4 (v v)FM)

dt at

This is now a second order, fully causal equation of motion for the trajectory X(t).
Relativistically covariant version also exists.

For the spherical shell a fully relativistic version of the Abraham-Lorentz derivation can be found
in

A.D. Yaghjian: Relativistic Dynamics of a Charged Sphere
Lecture Notes in Physics m11, Springer-Verlag, 1992.
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Radiatively damped oscillator

d?x d3x N 5 0
m-——MtT—-= mawpX =
dt? dt3 0

Ansatz: x o< e "'t

HW: solve for @ assuming that w7 << 1 and show that

5 1
W= wy— gwgrz —iiwgr + 0(1?)

Hint: derive the equation for w. Substitute w = wy + AT + Bt? + 0(73) and solve for the
coefficient of the O(7) and O (72) terms.

So, we get a damped oscillator

. 1 5
X & e—lwot—iwoft

HW: repeat the argument we used for resonant cavities to find the intensity spectrum

1
I(w) x

(w—wy—Aw)? + (g)z

with the frequency shift and half-width given by

5
Aw = —gwg’rz I' = wit

Note that Aw < I' since woT < 1 - observations of spectral lines show that this is not the case,
and they agree instead with quantum mechanics.

HW: the half-width in angular frequency is given by I". Show that the half-width in the wavelength
is

c
AA = 2n—T = 2mct

Wo
Hint: neglect Aw and use A = 27c /w.

In matter, the charges are electrons, so we get
2

e
A =2mct=———-=12-10"" m = 1.2 - 10~* Angstrom
3€om,C?
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This predicts that the line width (measured in wavelength) is universal: this is in contrast to
observations, which are explained by quantum mechanics.

Final note

Nature eventually avoids the problems with the Abraham-Lorentz force for the electron (and other
charged elementary particles)!!!

At the Compton scale

h
de=—=39-10"8 > 1, =28-10"5m

meC

Classical ElectroDynamics is not valid anymore and is replaced by Quantum ElectroDynamics.

CED—QED

Note that
e
Ta _ 4megmec?  e* yx L
Ac h 4me hc 37
mec

is nothing else but the fine structure constant!

Fundamental theory of matter is not in terms of point particles and classical fields, but

Quantum Field Theory
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