
7. gyakorlat (nov. 5)

1. Solenoid with arbitrary angle dependence

Consider a vector potential in cylindrical coordinates:

A = Aϕ(ϕ, ρ) eϕ, Aϕ(ϕ, ρ) =
Φg(ϕ)

ρ
, Aρ = 0, Az = 0 (1)

with
∫ 2π

0
dϕg(ϕ) = 1.

The curl of A is zero for ρ 6= 0, rotA = 0, neverthelss its �ux is �nite:

Φ =

∫
d2f B =

∮
drA =

∫ 2π

0

dϕρ
Φg(ϕ)

ρ
= Φ (2)

It is satisfactory for us to consider the angle part of the Hamiltonian as only tha azimuthal angle's

momentum will be a�ected by the vector potential:

H =
1

2m
(pϕ − qAϕ)

2
(3)

with pϕ corresponding to a �xed radius of a circular motion, pϕ = ~
ia∂ϕ:

~2

2ma2

(
−i∂ϕ −

Φq

~
g(ϕ)

)2

ψ = Eψ (4)

This di�erential equation is easily solved when �rst found the eigenfunctions of the operator which

is squared without the coe�cients from which we can easily express the energy:(
−i∂ϕ −

Φq

~
g(ϕ)

)
ψ = λψ ⇒ E =

~2

2ma2
λ2 (5)

Now the solution/corresponding eigenfunction of the "simpli�ed" eigenvalue di�erential equation:

∂ϕψ = i

(
λ+

Φq

~
g(ϕ)

)
ψ ⇒ ψ(ϕ) = Ceiλϕ+

iΦq
~

∫
dϕg(ϕ) (6)

Where the possible values for λ come from the constraint that ψ must be single valued, i.e.: periodic

in ϕ⇒ ψ(0) = ψ(2π):

λ2π +
Φq

~

∫ 2π

0

dϕg(ϕ) = 2nπ ⇒ λn = n− Φq

~
⇒ En =

~2

2ma2

(
n− Φ

Φ0

)2

(7)

So the lesson is that, although the particle is moving in a regime where there is no magnetic �eld,

the magnetic �eld that it encircles still in�uences its dynamics, namely exactly by the fraction of

its �ux with respect to the �uxoid quantum.

2. Landau levels in asymmetric gauge:

Let the vector potential be

A =

 0
Bx
0

 (8)

(a) Write up the Hamiltonian of a particle moving in electromagnetic �eld!

The Hamiltonian is simply again just the free particle Hamiltonian with kinetic momentum

expressed in terms of the canonical momentum p = ~
i∇ K = p− qA:

H =
(p− qA)

2

2m
=

p2

2m
+
B2q2

2m
x2 − qB

m
pyx =

p2

2m
+

1

2
mω2

Lx
2 − ωLpyx (9)



(b) Show that this Hamiltonian commutes with py and pz!

There is neither z nor y dependent part in the Hamiltonian, and as py = ~
i ∂y, pz = ~

i ∂z are

partial di�erentiation operators of independent variables we immediately have that pypi = pipy,

pzpi = pipz according to Young's theorem and furthermore pyx = pzx = 0! So altogether both

py and pz commute with all kind of terms in H verifying that

[H, py] = [H, pz] = 0 (10)

(c) Now asH commutes with py and pz they have a common eigenbasis implying the wave function

to be of the form:

φ(x, y, z) = ϕky,n(x) eikyyeikzz (11)

where the x dependent part can depend on the ky quantum number as py does appear in the

Hamiltonian! Wrting it in the Schrödinger equation and exploiting that ∂y ↔ iky, ∂z ↔ ikz(
− ~2

2m

(
∂2x + ∂2y + ∂2z

)
+

1

2
mω2

Lx
2 − ωLpyx

)
ϕky,n(x) eikyyeikzz

=

(
− ~2

2m

(
∂2x − k2y − k2z

)
+

1

2
mω2

Lx
2 − ωL~kyx

)
ϕky,n(x) eikyyeikzz = En,ky,kzϕky,n(x) eikyyeikzz

⇒
(
− ~2

2m
∂2x +

1

2
mω2

Lx
2 − ωL~kyx

)
ϕky,n(x) = En,kyϕky,n(x)

(12)

where En,ky,kz = En,ky − ~2

2m

(
k2y + k2z

)
. Now completing the square, 1

2mω
2
L

(
x2 − 2

~kyx
mωL

)
=

1
2mω

2
L

((
x− ~ky

mωL

)2
−
(

~ky
mωL

)2)
≡ 1

2mω
2
L

(
x− kyL2

H

)2 − 1
2

~2k2
y

2m , where LH = ~
mωL

= ~
qB(

− ~2

2m
∂2x +

1

2
mω2

L(x− x0)
2

)
ϕn,ky (x) =

(
En,ky,kz −

~2k2z
2m

)
ϕn,ky (x) ≡ En,kyϕn,ky (x) (13)

Clearly this is nothing else but a harmonic oscilaltor with ωL = qB
m frequency and displacement

x0 ≡ kyL2
H and with total energy spectrum and wave- function:

En,ky,kz = ~ωL
(
n+

1

2

)
+

~2k2z
2m

(14)

ψn,ky,kz (x, y, z) = Nneikzzeikyy
1√
LH

e
− 1

2L2
H

(x+kyL2
H)

2

Hn

(
x+ kyL

2
H

LH

)
(15)

where actually it turned out that the energy does not depend on ky, En,ky,kz ≡ En,kz .

Having a system with �nite volume of Lx and Ly, then we have for the ky quantum number

the following possible values:

ky =
2π

Ly
m, (m ∈ N) (16)

While the quantity kyL
2
H gives the distance between the Landau-orbits with the same energy

within a range of size Lx:

L2
H

2π

Ly
mmax = Lx ⇒ mmax =

LxLy
2πL2

H

=
A|q|B

~
=

Φ

Φ0
(17)

That is, the integer multiple of the �uxoid quantum, which is equal to the degeneracy of the

Landau levels.



We can interpret this result in a quasi-classical picture, namely the broadening of the particle

in a Landau level is approximately r ≈
√

2LH , through which we obtain a magnetic �ux of

Φ = 2πL2
HB =

hB

mωL
=
h

e
= Φ0 (18)

meaning that one Landau level, semiclassically corresponds to circular motion through which

approximately a �uxoid quantum is pumped through, now in accordance with our previous

result, the degeneracy counts "how many" such orbits exist for a given level giving the corre-

sponding multiple of the �uxoid quantums!

3. Charged particle in uiform magnetic and electric �eld

A charged particle is moving in the presence of uniform magnetic and electric �eld. The magnetic

�eld is parallel to the z axis and the electric �eld is parallel to the y axis. Using asymmetric gauge

A = (−By, 0, 0) the Hamiltonian can be given as

H =
1

2m
(px + qBy)2 +

p2y
2m
− qEy

Expanding the square of the kinetic momentum operator one can write:

H =
p2x
2m

+
p2y
2m

+ ωLpxy − Eqy +
1

2
mω2

Ly
2 ,

where the ωL =
qB

m
Larmor frequency has been introduced. The Hamiltonian commutes with

the x component of the momentum operator: [H, px] = 0, consequently, px and H have common

eigenstates, which can be written in a product form:

ψ(x, y) = eikxxϕ(y)

Substituting this form into the Schrödinger equation we will arrive at the following simpli�ed

Hamiltonian:

H =
~k2x
2m

+
p2y
2m

+ ωL~kxy − Eqy +
1

2
mω2

Ly
2

In classical mechanics if Bv = E the force due to the electric �eld will compensate the magnetic

force and the particle will move on a straight line with constant speed. In our case vx =
~kx
m

and we

get the condition B
~kx
m

= E . If the previous condition is ful�lled we will get back the Hamiltonian

of a simple harmonic oscillator in y direction while we have a free particle in x direction.

Completing the square in the potential energy:

ωLpxy − Eqy +
1

2
mω2

Ly
2 =

1

2
mω2

L

(
y2 + 2

~kx
mωL

y − 2
Eq
mω2

L

y

)
=

1

2
mω2

L

(
y +

~kx
mωL

− Eq
mω2

L

)2

− ~2k2x
2m

− E
2q2

2mω2
L

+
~kx
mωL

Eq ,



and writing back to the Hamiltonian

H =
p2y
2m

+
1

2
mω2

L

(
y +

~kx
mωL

− Eq
mω2

L

)2

− E
2q2

2mω2
L

+
~kx
mωL

Eq

we will get the Hamiltonian of a harmonic oscillator which is shifted in y direction and its energy

is also modi�ed. The energy of the system is

En(kx) = ~ωL
(
n+

1

2

)
− E

2q2

2mω2
L

+
~kx
mωL

Eq

We can now observe that with the velocity de�end as vx = ~kx
m we indeed get back usual harmonic

oscillator but with a shift in the energy

H
∣∣∣
vx=

~kx
m

=
p2y
2m

+
1

2
mω2

Ly
2 +

1

2

~kx
mωL

Eq

Now as we can see energy is not bounded from below anymore and we see that nevertheless the

energy became kx dependent, as illustrated in the �gure below, we will still have in�nitely many

degeneracies, for a given �x E energy in the limit Lx → ∞. Other important observation is the

absence of the kx ↔ −kx symmetry indicating the breakdown of time-reversal-symmetry in the x

direcetion!



Degeneracy of the states: The system has continuous spectrum and each levels are in�nitly degen-
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Figure 1: Energy levels of the system. The distance of the dashed line fron the kX axis represents the
energy of the system. The intersections of the dashed line and the energy levels indicated by the straight
lines are the states corresponding to the same energy

erate.

4. Gauge transformation between asymmetric gauges

Let us give the gauge transformation between the two asymmetric gauges of homogenous B =

(0, 0, B) magnetic �eld, A =(−By, 0, 0) and A′ =(0, Bx, 0).

Solution:

As calculated above and in the lecture we have, of course, the same energy for the tow above gauges

and the follwoing wave-functions:

En,ky,kz = En,kx,kz = ~ωL
(
n+

1

2

)
+

~2k2z
2m

(19)

ψn,kx,kz (r) = Nn exp(ikxx) exp(ikzz)
1√
LH

exp

(
− 1

2L2
H

(
y + kxL

2
H

)2)
Hn

(
y + kxL

2
H

LH

)
(20)

ψ′n,ky,kz (r) = Nn exp(ikyy) exp(ikzz)
1√
LH

exp

(
− 1

2L2
H

(
x− kyL2

H

)2)
Hn

(
x− kyL2

H

LH

)
(21)

(22)

The two gauges are realted two eac other by the gauge function Λ = Bxy by the usual relation:

A′ = A +∇Λ (23)

Now the transformed wave function and its expansion in the basis of the A′ gauge:

exp

(
− iq

~
Λ

)
ψn,kx,kz (r) =

∫
dky cn,kx,kyψ

′
n,ky,kz (r) (24)



with the cn,ky,kz being the expansion coe�cients in the A basis:

cn,kx,ky =

∫
d3rψ′n,ky,kz (r)

∗
exp

(
− ie

~
Λ

)
ψn,kx,kz (r)

=
N 2
n

L2
H

∫
dxdy exp

(
− 1

2L2
H

(
x− kyL2

H

)2)
Hn

(
x− kyL2

H

LH

)
exp

(
− 1

2L2
H

(
x− kyL2

H

)2)
Hn

(
x− kyL2

H

LH

)
× exp

(
ikyy − ikxx− ixy/L2

H

)
(25)

Introducing new varaibles for sake of convenience, ξx = x/LH , ξy = y/LH , qx = kxLH , qy = yLH ,

with which the above integral comes to the form:

cn,kx,ky = N 2
nLH

∫
dξxdξy exp(−iqy(ξy + qx)− iqx(ξx − qy)− i(ξx − qy)(ξy + qx))

× exp

(
−1

2

(
ξ2x + ξ2y

)2)
Hn(ξx)Hn(ξy)

= N 2
nLH exp(−iqxqy)

∫
dξxdξy exp(−iξxξy) exp

(
−1

2
ξ2x −

1

2
ξ2y

)
Hn(ξx)Hn(ξy)

(26)

Now if could calculate this coe�cient we would have expansion coe�cients and so linear transfor-

mation "rule" between the eigenfaunctions of the two gauges!

Statement:

√
2π exp

(
−1

2
ξ2y

)
Hn(ξy) =

∫
dx exp(−iξxξy) exp

(
−1

2
ξ2x

)
Hn(ξx) (27)

For proving it we write up the wave-function of the harmonic oscillator in coordiante representation:

ψn(x) = Nn
1
√
x0

exp

(
−1

2

x2

x20

)
Hn

(
x

x0

)
, x0 =

√
~
mω

(28)

The we also write it up in momentum representaion where one read out the modi�ed constants

from the corresponding Schrödinger equation:(
p2

2m
− 1

2
~2mω2 d2

dp2

)
ψ̃(p) = Eψ̃(p) (29)

ψ̃(p) = Nn
1
√
p0

exp

(
−1

2

p2

p20

)
Hn

(
p

p0

)
(30)

Now as we know that in coordiante representaion 〈x|p〉 =
exp( i

~px)√
~ we have the expansion:

Nn
1
√
p0

exp

(
−1

2

p2

p20

)
Hn

(
p

p0

)
=

∫
dx

exp
(
i
~px

)
√
~

1
√
x0

exp

(
−1

2

x2

x20

)
Hn

(
x

x0

)
(31)

Now with the new variables again, ξx = x
x0
, ξy = p

p0
we have the desired identity:

exp

(
−1

2
ξ2y

)
Hn(ξy) =

√
x0p0
~

∫
dx exp(−iξxξy) exp

(
−1

2
ξ2x

)
Hn(ξx) (32)

Giving the identity of the statement and yielding the relation between the eignebasis of the two

gauges:

cn,kx,ky =
√

2πLH exp(−iqxqy)N 2
n

∫
dξ exp

(
−ξ2

)
Hn(ξ) =

√
2πLH exp

(
−ikxky/L2

H

)
(33)



giving the �nal relation:

ψn,kx,kz (r) = exp

(
ie

~
Λ

)∫
dky
√

2πLH exp
(
−ikxky/L2

H

)
ψ′n,ky,kz (r)〈

ψ′n,ky,kz |ψn,kx,kz
〉

= exp

(
ie

~
Λ

)√
2πLH exp

(
−ikxky/L2

H

) (34)


