11. Practice, Dec. 10.

1. Zitterbewegung;:
Velocity operator in Heisenberg picture:
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T 5 [H,vg] = — [cayp + Bmc?, oy ] = + (c1 fo, o] + me? [B, a])
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where the emerging commutators:
[y, o) = o, — ooy = aqog, + agay — 20,00 = 2012 — 20,0

and
(B, ai] = Bay — axf = Boy, + g — 2048 = —204,

Giving the derivative
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o= % c(pr (2012 — 2004) — 2mc*ay,B) = e (cpk — a, (cprog + mc?B)) = T (cpr, — o H)
Considering the realtivistic momentum and energy
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Analogously to this let us introduce the relativistic velocity operator:
Vk = CQﬁkff -1
being a constant of motion as it only contains p and H , SO
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E’l}k = E (’Uk — Vk) = — (’Uk — Vk) EH

From where the solution is
vk (t) = Vi(t) = (0(0) — Vi(0)) e 5t = vy () = Vi (t) + (v3(0) — V3 (0)) e

where () = % is the "frequency operator". From special relativity we would expect just vy = Vi, but in
quantum mechanics we have an extra oscillating term, that is the "Zitterbewegung" term. The coordiante
operator then reads

21, (t) = 21.(0) + Vit + (vg(0) — Vi (0)) i~ (e7 — 1)

giving a motion along a straight trajectory with constant velocity and with an interpolating oscillatory
motion.

Approximating the electron energy for small velocity as,mec? ~ 511 keV, gives Q ~ 10?! Hz, unfortunately
not measurable for the time being.

The amplitude of the motion is ~ % ~ L= X, ~ 10713 m, being thousand times shorter than the radius

mc
of the hydrogen atom.



