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Chapter 1

Andreev Reflection

1.1 The Blonder-Tinkham-Klapwijk model for N-S
junction

\/

A(z) = 0(x) Ag e™?

Figure 1.1: Scheme of a N-S junction.

e Let us consider a normal(N) - superconductor(S) junction, as shown in Fig[l.1] We
denote by z the longitudinal coordinate and by (y, z) the transversal coordinates. The
junction is located at the coordinate x = 0. We model the system with the Bogolubov
de Gennes Equation

H. A U U
=F (1.1)
A" —H; v v



Solutions in N

e We describe the junction with a step-like order parameter

A(z) = 0(z) Age™? (1.2)

e Assume that the system is separable, so that
i) we can factorize the wavefunction into

U(x) = longitudinal wavefunction
U(z,y,2) = P(z) Puly, 2)
®,(y,z) = transversal wavefunction
(1.3)
where n denotes the quantum number labeling the transversal mode
2 2 2
o (5 )+ Vel2)| @u02) = B (1)

with transversal energy F,,, and V| is the transversal confining potential.

ii) The energy is the sum of the longitudinal and transversal energies
E=FE,+E, (1.5)

so that, for a given transversal mode n, the effective chemical potential for the longi-
tudinal propagation reads

EFnZZEF—En (16)

where we assume that er already includes the self-consistent potential U.

e We include a Ad(x) potential at the boundary in order to account for the contact
resistance of the interface.

In conclusion, the system is described by the following effective 1D BdG Hamiltonian

_;_m% — epn + Ad(z) A(z) u(z) u(z)
=F (1.7)
G v(x) v(x)

A*(z) 37 5.z +ern — A0(2)

and is called the Blonder-Tinkham-Klapwijk (BTK) Model, as described in Ref.[7].

The purpose is thus to find solutions with non negative energy £ > 0.
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Chap. 1.  Andreev Reflection

Figure 1.2: Spectrum in the N region.

1.2 Solutions in N

In the normal side N the equation (|1.7]) reduces to

—%88—; — EFn 0 U(I) u(x>
—F (1.8)
2 52
0 o2 +erm v(x) v(z)

which exhibits two particle solutions

1 .
e (z) = ) ke (1.9)
0

and two hole solutions

0
Ul (2) = etikne (1.10)
1
where
F
ke = kpoy/1+ — (1.11)
EFn
F
kn, = kppy/1l—— (1.12)
EFn
and
2 n
ki = #‘EF (1.13)
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Solutions in S

1.3 Solutions in S

Figure 1.3: Spectrum in the S region.

In the superconductor side S the equation (|1.7]) reduces to

e e Age u(x) u(x)
—E (1.14)
Age™™ %% + €Fn v(z) v(z)

We have to distinguish two cases

1.3.1 Supra-gap solutions (F > A(): propagating waves

Here there are two particle-like solutions

ug €/2
T (z) = e (1.15)
v e/
and two hole-like solutions
Vo €4°/2
Ul (z) = eHiane (1.16)
ug e~ /?

where

B2 _ A2
Ge = kpn\lﬂ/TU (1.17)
|2 — A2
qn = an\l— 82—0 (1.18)
Fn
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Chap. 1.  Andreev Reflection

and

V2
iy, = Y2 (1.19)

Here, the quantities uy and vy read

1 AO ? AO Larccosh-£-

— _ 1 1—[ — = —e2 A 1.20

o \ 2 * < E ) VaE© ’ (1.20)
1 AO 2 AO 1 h E

= 1=y /1= (2] | =/ 2 e arrecoshag 1.21

v \2 < E ) 2E ¢ ’ (1.21)

so that the wavefunctions ([1.15)) and (|1.16)

%arccosh AA{) ei‘P/Q

AO ¢ +iq
e(x) =1/ 1qe® 1.22
:I:( ) 2F L € ( )

e~ EarccoshALO e_icp/g

and two hole-like solutions

e~ %arccosh ALO 62'90/2

A |
Ut (z) =/ = eFiane (1.23)

2F
eéarccosh%o 6*i¢/2

1.3.2 Sub-gap solutions (F < Aj): evanescent waves

In the subgap solutions g, acquire an imaginary part. A real part remains and is of the
order of kp,. The solution is the analytic continuation of ((1.24)) and ((1.25)), and reads

AZ_EQ
G = k’Fn\l—i—i 052— (1.24)
Fn
. |AZ — E2
a = k:pn\l—z —052 (1.25)
Fn

Similarly the analytic continuation of ([1.20]) and ([1.21)) reads

IA £ arccos 2

Ug = ﬁ€2 AEO (126)
IA — L arccos 2

Vg = ﬁe 2 Ao (127)
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Condition at the boundary

Remark
Notice that for the evanescent waves one has |ug|? + |vo|*> # 1. Instead one has
A 2 arCCos ~— —1%arccos 1—
u§+v(2) = ﬁ(e AEo+e AEo):
o, b 1 (1.28)
= — 2cos | arccos — | = .
2F Ay

Analytic continuation is important because we know from causality that S-matrix in the
supra-gap regime admits an analytic continuation into the sub-gap regime. Such continuation
is in general not unitary. Unitarity only holds for propagating modes, because evanescent
waves carry no current and unitarity is related to the conservation of current.

1.4 Condition at the boundary

Integrating the equation

BT cpula) + AS()u(x) + A)o(a) = Bul)

around x = 0, one obtains the boundary conditions for the derivatives

D,u(0") — Dyu(0) = QZA u(0) (1.29)
and
D,0(0%) — B,0(07) = 27;;2A 0(0) (1.30)

1.5 Scattering Matrix Coefficient

We now want to determine the coefficient of the Scattering Matrix. Let us start by con-
sidering the case of an incident electron, incoming from the N left electrode towards the
interface

1 1
Nzl

The wave reflected back into the N region is a left-moving electron or a left-moving hole, i.e.

e tiker (1.31)

U, (z) =

1 0
\Ij,refl (x) _ Tee 6—2']{,’6:6 + The e—i—ikhw (132)

vV 2rhv, 0 v 2mhuy, 1

In contrast, the transmitted wave is a right-moving electron-like or a right-moving hole-like
solution

y ug €'¢/? y v €72
\IjtranS(x) o — e—qux + e e—iqhx (133)

VvV 27h We vo 67i<p/2 VvV 27h Wh o 671'50/2

Fabrizio Dolcini, Superconductivity in Mesoscopic Systems, Lecture Notes for XXIII Physics GradDays, Heidelberg



Chap. 1.  Andreev Reflection
Remarks
e We have denoted
ree = reflection coefficient e —e (1.34)
rne = reflection coefficient e —h (1.35)
tee = transmission coefficient e —e (1.36)
the = transmission coefficient e —h (1.37)
e We have normalized the wavefunctions with their velocities, because they are different
in general for particle and holes, and from normal to superconduting side. In this
way, each wavefunction carries the same amount of flux of quasiparticle probability
current[4], and therefore the above coefficients describe a unitary matrix. We recall
that unitarity of the scattering matrix stems from the conservation of quasi-particle
probability current.
For the N side we have
h2k? 1 |dE hk
E' — e _ n N e = T = © 138
om  F TR ‘dke m (1.38)
h2k? 1|dE hkp,
T om B 7 (1.39)
For the S side we have
h2q2 2 1|dE| Hgq
E = < —epn A2 = e = — = = 1.40
\/( 2m r ) 5 Y= n ’dqe m (1.40)
h2q2\ 2 1|dE| hq
E = Epp — —2 A2 = =—|—|=— 1.41
\/(F 2m)+° T dgn| T m (141)
The velocities are
hkesmn
e/h = 1.42
Ve/h - (1.42)
/E2 _ AQ
Weyp, = TO Vejh = (ug — vg)ve/h (1.43)
e In the reflected wave the momenta of the electron and hole have opposite signs, just

because we want to describe left-moving waves. Similarly for the right-moving trans-
mitted waves (see Fig{l.4)).

Fabrizio Dolcini, Superconductivity in Mesoscopic Systems, Lecture Notes for XXIII Physics GradDays, Heidelberg



10 Solution in the Andreev Approximation

right-moving
hole

\

left-moving

hole right-moving

left-moving electron

electron \

Figure 1.4: Different signs of velocities in the electron-hole band.

In order to find the solution we have to impose

u(0) = u(07) (continuity) (1.44)

v(07) =v(07) (continuity ) (1.45)

(1.46)

n _ 2mA .
0,u(0") — J,u(07) = 2 u(0) (derivative) (1.47)
2mA
9,0(0") — 9,v(07) = % v(0) (derivative) (1.48)
These conditions represent a set of four linear equations for the four unknowns 7., e, tee,

and ..

Exploiting the linearity of the above equations, one can find the other scattering matrix
coefficients (such as rep, tep and so on) by setting e.g. an incoming hole from N or incoming
electron/hole from S, and superimposing the various solutions.

1.6 Solution in the Andreev Approximation

The explicit solution of the linear set of equation is particularly simple in the so called
Andreev approximation, which consists in envisaging low energies with respect to the Fermi
level

E,A0<<€Fn (149)

and thus retain the lowest order in F/ep, and Ag/ep,. One can then approximate

ke/h = e/n = an (150)
and
Ve/h = Upnp (1.51)
/EQ _ AQ
We/h TO’UFn = (ug — vg) U (1.52)
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Chap. 1.  Andreev Reflection 11
with the Fermi velocity defined as
hk gy,
Vpp = —& (1.53)
m
Under the Andreev approximation one finds
e for the transmission and reflection amplitudes
UpVo —ip
e 1.54
"h ud + Z%(uk — v3) ¢ (1.54)
(Z% +iZ) (v} — ud) (1.55)
Tee .
B+ 220~ )
(1 —iZ)up\/ud —vg _, /o
tee 5 Yo e e (1.56)
ug + 2% (ug — vg)
iZvo\/Ug = V5 _inso
ug + 2% (ug — vg)
Here A A
m
Z = = 1.58
hszn hUFn ( )
is the BTK dimensionless parameter of the interface transparency
Z < 1 very transparent interface
(1.59)

Z > 1 weakly transparent interface (tunnel limit)

By the transparency we mean the transmission probability T of the junction in the
normal case, i.e. when the gap in the superconducting side is set to zero (Ag — 0)
or the temperature is above the critical temperature 7. One can prove that the BTK
parameter is related to T through the relation

e The corresponding transmission and reflection coefficients read

1

Ty —
NTi e

A= A}LwL = |rhe|2
B = A7, = |ree|2
¢ = A?%GL = |tee’2
D= Alg, = [t

(1.60)
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Solution in the Andreev Approximation

where the first notation is the one of Ref.[7], and the second notation is in the style of
Ref.[§].

Recalling the expression (1.20])-(1.21]) and (1.26])-(1.27)) for ug and vy we obtain:

Supra-gap (E > Ay)

A(E) = Al%(E) = A6 (1.65)

(B+(+222) m)Q
B(F) = () = L UEDE -8 (1.66)
(B+(1+222) VB = )
O(E) = A% (B) — 2(1+ Z?)\/E? — A} (E+ \/E? - A2) (1.67)
(B+(1+222)/E7 - &3)
D(B) = Algy(B) = ZVE L (B VE- L) (1.6

(B+(1+222)/E7 = Ag)g

One can easily verify that
YooY A =1 & A+B+C+D=1 (1.69)
J=L/R B=e/h

as required by unitarity of the S-matrix.

Sub-gap (£ < Ay)

AQ
__ Ahe __ 2 0

472(1 4 Z%) (A2 — E?)

B(E) = A% = |re.|* = 1.71

( ) LL ‘T | E2 + (1 + 222)2(Ag _ EZ) ( )
C(E) =A% = |tee|> = 0 (1.72)
D(E) = A" = |t,.]* = 0 (1.73)

Notice that in the subgap case the transmission coefficients are vanishing C'= D = 0.
In fact £ = Aq is precisely the value at which the supra-gap coefficients and
(1.81)) vanish. For E < A, one still has a non vanishing analytical continuations for
the expressions and . However, they cannot be interpreted as transmission
coefficients, for in the superconductor there are no propagating modes for £ > A,.

One can again easily verify that

YooY A =1 o A+B=1 (1.74)

J=L/R B=e/h

Fabrizio Dolcini, Superconductivity in Mesoscopic Systems, Lecture Notes for XXIII Physics GradDays, Heidelberg



Chap. 1.  Andreev Reflection

as required by unitarity of the S-matrix.

1.7 Andreev Reflection

1.7.1 The case of ideal interface (Z = 0)

In order to discuss the physical consequences of the coefficients A, B, C' and d found in the
previous section, we start by considering the special case of ideal interface (Z = 0). In this
case the Andreev-reflection amplitude for the process e — h coefficient reads

B E
y e*l arccos TO E < AO
= 2= i (1.75)

Uu E
0 e—arccoshA—O E> AO

The

Similarly, one can find for the process h — e that

i _E
y e 7 arccos AO E < AO
pon = 2 i — i (1.76)

Uo —arccosh-£
e A B> A(]

The coefficients in this case read:

1.0
A
C
0.5- =0
0-0 ' ' I ' I ' 1
0 1 2 3 4
E/A,

Figure 1.5: The case of ideal interface Z = 0: The Coefficients A, and C' are plotted as a
function of energy. The coefficients B and D are vanishing.
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14 Andreev Reflection

e Sub-gap regime (£ < Ag)

AE) = 1 (1.77)
B(E) = 0 (1.78)
C(E) = 0 (1.79)
D(E) = 0 (1.80)

which shows that, for an ideal N-S interface, an injected electron can only be Andreev
reflected as a hole, with 100% probability. This phenomenon is known as Andreev
reflection[5, [6], and is depicted in Fig.. An incoming electron is reflected as a hole.
In contrast to an ordinary reflection, where momentum is not conserved and charge
is conserved, in an Andreev reflection process momentum is almost conserved (in the
sense that both the incoming electron and the reflected hole have momentum very
close to the same kp, whereas charge is not conserved. Importantly, the velocities are
reversed.

reflected hole  /, )
incoming
electron

Figure 1.6: The phenomenon of Andreev reflection: the incoming electron is reflected as a
hole.

e Supra-gap regime (E > /)

A(E) = A4 i (1.81)
<E+ \/m>

B(E) = 0 (1.82)
2\ ET = A2

W = (1.83)

D(E) = 0 (1.84)

Here we see that, for energies above the gap, the electron also has a finite probability
to be transmitted as an electron, since single particle states are available in the super-
conductor above the gap. At high energies E > Ay, the effects of superconductivity
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15

and normal transmission is in fact the most probable process, as shown by the curve
C(F) in Fig|l.5

1.7.2 Interface with arbitrary transparency

Let us now consider the case of a non-ideal interface (Z > 0). There is still a probability
that electrons are Andreev-reflected as holes. However, in this situation, due to the presence
of the barrier at the interface, electrons can also be ordinarily reflected as electrons. In the
sub-gap regime the sum of probabilities of these two processes must equal 1 (A+ B = 1), so
that an increase of ordinary reflection leads to a decrease of Andreev reflection, as shown in
Fig[l.7 for two different values of the interface parameter.

Figure 1.7: The coefficients A and B are plotted as a function of energy for the case of
Z = 0.2 (almost ideal interface with transmission coefficient 7' = 0.96) and Z = 1 (interface

with intermediate transmission 7" = 0.5).

Fabrizio Dolcini, Superconductivity in Mesoscopic Systems, Lecture Notes for XXIII Physics GradDays, Heidelberg



Chapter 2

Current-voltage Characteristics

2.1 Current and Conductance

In the case of transport through a system connected to normal electrodes, the Landauer-
Biittiker expression for the (single channel) current reads
2¢?
1= [ B T(B) (fu(B) - fa(B) (2.1)
——
—1-R(E)
where T'(E) is the transmission coefficient of the sample, R(E) its reflection coefficient, the
pre-factor 2 stems from spin degeneracy, and fr,z(E) the Fermi functions of the Left and

Right reservoirs
1

1+ e(B—ux)/ksT

fx(E) X=LJ/R

In the case of a (single channel) mesoscopic sample contacted to one normal and one super-
conducting electrode, the formula is modified as follows

1=2% [ ap (1= B(E)+ AB) (fulE) - fu(E2)) 22)

where

e B = |r®|? is the normal-reflection coefficient and decreases the current

o A= |r"? is the Andreev-reflection coefficient and increases the current
In particular at zero temperature T' = 0, we have

262 eV

I
hJo

dE (1 - B(E) + A(E)) (2.3)

where we have set

ML:€F+€V UR = EF V>0

16



Chap. 2. Current-voltage Characteristics

17

The non-linear conductance at zero temperature then reads

ons(V) = L 2 (1 Bevy + AGev)) (2.4)
NSV TV T c ¢ '
and explicitly
2A2
A
b | @+ A2z — vy ¢ <0
Grs(V) = e ool (2.5)
¢ eV > A

eV 4+ (1+22%)\/(eV)? — Al
In particular we notice that

e In the subgap regime eV < Ay we have A + B = 1 due to unitarity, so that we can

also write 42
Grs(V < Ag) = %A(eV) (2.6)

e In the limit of high voltage with respect to the gap (eV > A), superconducting effects
become negligible and we obtain the normal conductance (effectively this is equivalent
to sending Ay — 0)

Crs(eV > Ag) — G = 2762 1 jZQ 2.7)
whence we read off the normal transmission coefficient
Ty — (2.8)
1+ 22
of the interface, as anticipated in Eq.. Equivalently one often denotes by
Ry = Gy = i(1 + Z?) (2.9)

2¢2

the resistance of the normal junction.

The non-linear conductance is plotted at zero temperature in Fig[2.1] for different values of
the interface transparency. We observe that

e For high transparency the subpag regime is dominated by Andreev processes (A ~ 1)
and therefore Gg is finite, whereas at low transparency Andreev reflection is strongly
suppressed in favor of normal reflection, yielding a strong reduction of Gys(V).

e Gns(V) exhibits a cusp at eV = Ay, corresponding to the singularity of the density of
states of the superconductor at the gap.
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Current and Conductance

eV/A0

Figure 2.1: The current-voltage characteristics of an N-S junction within the BTK model
is plotted at zero temperature and for different values of the barrier strength. The cusp at
eV = Aq corresponds to the singularity of the density of states of the superconductor at the

gap.

2.1.1 The limit of low transparency at arbitrary V'

We can now consider the particular case of a very strong barrier, i.e. a low-transparency

interface
Z > 1 = Ty <1 (2.10)

and consider the non-linear conductance to lowest order in O(1/Z?) (i.e. lowest order in Ty)
as a function of V. We obtain from ([2.5)

0 eV < AO
Gxs(V) = 25 (2.11)
NS = 1% :
h : eV > Ag
72,/ (eV)? — Al
Recalling that to lowest order
22 1 2¢?
T = O (212)
and using the definition of density of states for a supercondutor
E
Ns(E) = N(0) O(E — Ap) (2.13)

JVEE- A2
we can also rewrite that for a low transparency barrier
Ns(eV)

N(0)

Z>1 (2.14)

Gns(V) = Gran
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2.1.2 The linear conductance at arbitrary transparency

We can now look at the limiting case of the linear conductance

Grs(0) = = 2 (1~ BO) + A©)) (2.15)

Recalling that in the subgap regime B(E) = 1— A(F) because of unitarity, we can also write

4e? 4e? 1

The linear conductance is thus twice the quantum of conductance 2¢?/h multiplied by the
Andreev reflection coefficient.

One can also re-express the linear conductance in another form, exploiting the normal trans-
mission coefficient derived above.

1 1-T
= 72 = N

Ty = ——
N7 2 Tn

It is indeed straightforward to check that inserting the above expression into Eq.([2.16]) one
obtains

4e* T3
Gns(0) = =Ty (2.17)

We observe that
e Differently from the the normal conductance

2¢?
GNN(O) — TTN

the Gns conductance of an N-S junction is a non linear function of the normal trans-
mission coeflicient Ty .

e Since 0 < T < 1 one has the inequality

Gns(0) <2Gnn(0) (2.18)

e At low transparency Ty < 1, we have that
Gns(0) = O(TR) (2.19)

i.e. the linear conductance is vanishing to lowest order in the transmission. This
is in agreement with the result of the tunneling approach, where one must compute
conductance to higher orders in the tunneling amplitudes to obtain non-vanishing
contributions.

Fabrizio Dolcini, Superconductivity in Mesoscopic Systems, Lecture Notes for XXIII Physics GradDays, Heidelberg



Bibliography

[1] A. M. Zagoskin, Quantum Theory of Many-Body System, Springer Verlag New York
(1998).

[2] M. Tinkham, Introduction to Superconductivity, Dover Publications, New York (1975).

[3] Y. Blanter and M. Biittiker, Shot Noise in Mesoscopic Conductors, [ArXiv version
cond-mat/9910158]

[4] C. W. J. Beenakker, in Transport Phenomena in Mesoscopic Systems (eds. H.
Fukuyama, and T. Ando), Springer Series in Solid State Science 109, Springer Verlag
Heidelberg (1992).

Articles
[5] A. F. Andreev, Sov. Phys. JETP 19, 1228 (1964).

[6] S. N. Artemenko, A. F. Volkov, and A. V. Zaitsev, JETP Lett. 28, 589 (1978); Sov.
Phys. JETP 49, 924 (1979); Solid State Comm. 30, 771 (1979); A. V. Zaitsev, Sov.
Phys. JETP 51, 111 (1980).

[7] G. E. Blonder, M Tinkham, T. M. Klapwijk, Phys. Rev. B 25, 4515 (1982).

[8] C. J. Lambert and R. Raimondi, J. Phys. Cond. Matt. 10, 901 (1998); C. J. Lambert,
J. Phys Cond. Matt. 3, 6579 (1991); C. J. Lambert et al., J. Phys. Cond. Matt. 5, 4187
(1993).

9] C. W. J. Beenakker, in Quantum Transport in Semiconductor-Superconductor micro-
gunctions, ArXiv cond-mat/9406083

20



	Andreev Reflection
	The Blonder-Tinkham-Klapwijk model for N-S junction
	Solutions in N
	Solutions in S
	Supra-gap solutions (E>0): propagating waves
	Sub-gap solutions (E<0): evanescent waves

	Condition at the boundary
	Scattering Matrix Coefficient
	Solution in the Andreev Approximation
	Andreev Reflection
	The case of ideal interface (Z=0)
	Interface with arbitrary transparency


	Current-voltage Characteristics
	Current and Conductance
	The limit of low transparency at arbitrary V
	The linear conductance at arbitrary transparency



