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Bulk-boundary correspondence

If the bulk has nontrivial topology,  
then the edge has disorder-resistant bound states

(Chapter 1 shows the simplest model where this can be demonstrated.)



SSH is a tight-binding toy model for polyacetylene
Polyacetylene

Su-Schrieffer-Heeger (SSH) model of polyacetylene

Chapter 1

The Su-Schrieffer-Heeger (SSH) model

We take a hands-on approach and get to know the basic concepts of topological
insulators via a concrete system: the Su-Schrieffer-Heeger (SSH) model describes
spinless fermions hopping on a one-dimensional lattice with staggered hopping am-
plitudes. Using the SSH model, we introduce the concepts of single-particle Hamil-
tonian, the difference between bulk and boundary, chiral symmetry, adiabatic equiv-
alence, topological invariants, and bulk–boundary correspondence.

Fig. 1.1 Geometry of the SSH model. Filled (empty) circles are sites on sublattice A (B), each
hosting a single state. They are grouped into unit cells: the n = 6th cell is circled by a dotted
line. Hopping amplitudes are staggered: intracell hopping v (thin lines) is different from intercell
hopping w (thick lines). The left and right edge regions are indicated by blue and red shaded
background.

1.1 The SSH Hamiltonian

The Su-Schrieffer-Heeger (SSH) model describes electrons hopping on a chain
(one-dimensional lattice), with staggered hopping amplitudes, as shown in Fig. 1.1.
The chain consist of N unit cells, each unit cell hosting two sites, one on sublattice
A, and one on sublattice B. Interactions between the electrons are neglected, and so
the dynamics of each electron is described by a single-particle Hamiltonian, of the
form

Ĥ = v
N

Â
m=1

�
|m,Bihm,A|+h.c.

�
+w

N�1

Â
m=1

�
|m+1,Aihm,B|+h.c.

�
. (1.1)
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Here |m,Ai and |m,Bi, with m 2 {1,2, . . . ,N}, denote the state of the chain where
the electron is on unit cell m, in the site on sublattice A, respectively, B, and h.c.
stands for Hermitian Conjugate (e.g., h.c. of |m,Bihm,A| is |m,Aihm,B|).

The spin degree of freedom is completely absent from the SSH model, since no
term in the Hamiltonian acts on spin. Thus, the SSH model describes spin-polarized
electrons, and when applying the model to a real physical system, e.g., polyacety-
lene, we have to always take two copies of it. In this chapter we will just consider a
single copy, and call the particles fermions, or electrons, or just particles.

We are interested in the dynamics of fermions in and around the ground state of
the SSH model at zero temperature and zero chemical potential, where all negative
energy eigenstates of the Hamiltonian are singly occupied (because of the Pauli
principle). As we will show later, due to the absence of onsite potential terms, there
are N such occupied states. This situation – called half filling – is characteristic of
the simplest insulators such as polyacetylene, where each carbon atom brings one
conduction electron, and so we find 1 particle (of each spin type) per unit cell.

For simplicity, we take the hopping amplitudes to be real and nonnegative, v,w �
0. If this was not the case, if they carried phases, v = |v|eifv , and w = |w|eifw , with
fv,fw 2 [0,p), these phases could always be gauged away. This is done by a redefini-
tion of the basis states: |m,Ai! e�i(m�1)(fv+fw), and |m,Bi! e�ifve�i(m�1)(fv+fw).

The matrix for the Hamiltonian of the SSH model, Eq. (1.1), on a real-space
basis, for a chain of N = 4 unit cells, reads

H =

0

BBBBBBBBBB@

0 v 0 0 0 0 0 0
v 0 w 0 0 0 0 0
0 w 0 v 0 0 0 0
0 0 v 0 w 0 0 0
0 0 0 w 0 v 0 0
0 0 0 0 v 0 w 0
0 0 0 0 0 w 0 v
0 0 0 0 0 0 v 0

1

CCCCCCCCCCA

. (1.2)

External and internal degrees of freedom

There is a practical representation of this Hamiltonian, which emphasizes the sep-
aration of the external degrees of freedom (unit cell index m) from the internal de-
grees of freedom (sublattice index). We can use a tensor product basis,

|m,ai ! |mi⌦ |ai 2 Hexternal ⌦Hinternal, (1.3)

with m = 1, . . . ,N, and a 2 {A,B}. On this basis, with the Pauli matrices,

s0 =

✓
1 0
0 1

◆
; sx =

✓
0 1
1 0

◆
; sy =

✓
0 �i
i 0

◆
; sz =

✓
1 0
0 �1

◆
, (1.4)

the Hamiltonian can be written

Real-space tight-binding SSH Hamiltonian: For N=4:

intracell hopping intercell hopping
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Let’s see a few examples, how these maps look like, for a few chosen values of the hopping parameters v and w.
Actually, in these figures, I’m showing two things. In the first row, I’m showing the dispersion relation, which is
simply the absolute value of the f function appearing in the o↵-diagonal matrix element of the k-space Hamiltonian.
In the second row, I’m showing the image of the brillouin zone produced by the function f, which, as we discussed
before maps each point of the unit circle to a point on the complex plane. As we move from left to right on this plots,
the relative values of the two hopping parameters v and w are changed. Let’s look at the dispersion relations or band
structures first. We see that if the two hopping parameters are di↵erent, then there is a nonzero energy gap between
the valence band and the conduction band. Since each atom provides a single electron to these states, and the number
of states in each band is the same as the number of atoms, we know that all valence band states are filled and all
conduction band states are empty at zero temperature. That implies that figures a,b,d and e describe insulators. The
only exception is figure c, which shows the case when the two hopping parameters are equal; in this case, there is
no energy gap, and thereby this system is not an insulator but a metal. The fact that this is a metal can also be
deduced from figure h, which shows the image of the brillouin zone via the function f when v and w are equal. As
you see, the image contains the origin: that means that there is a certain wave number value, actually, k=pi, where
this f function is zero, and therefore the energies of the valence and conduction bands are degenerate. But this talk
is about topological insulators, and therefore in what follows I’d like to restrict my attention to insulators, so I will
disregard those points in the parameter space where v equals w. The means that I focus on SSH hamiltonians where
the image of the BZ via the function f does not include the origin of the complex plane.

k

�⇡
a

lattice constant a
SSH parameter space is partitioned to two topologically non-equivalent segments.

Zero intracell hopping ensures the existence of one zero-energy bound state at each edge of a finite SSH chain.

SSH Hamiltonians have chiral symmetry.

Chiral symmetry ensures the existence of zero-energy edge states in a long topological SSH chain.

Chiral symmetry ensures robustness of zero-energy edge states against disorder

SSH is one creature in the zoo of topological insulators

What is topology? Generally speaking, it is the branch of mathematics that aims at classifying geometrical objects:
two objects belong to the same topological class, if they can be continuously deformed to each other. If two objects
belong to the same topological class, then this is also often expressed by saying that these two objects are ”topologically
equivalent”. In order to keep the discussion simple, and also because I do not have a strong background in mathematics,
I will not use formal definitions and statements here, but I will try to illustrate the relevant concepts using elementary
examples.

A central concept in topology is the topological space. Take an example: the two-dimensional plane without the
origin. I’ll call this the ”punctured plane”, to indicate that the origin is excluded. A second example is this closed
loop, called loop A, which is embedded in the punctured plane, and does not enclose the origin. The third example is
this closed loop, called loop B, which is also embedded in the punctured plane, but this one encircles the origin. All
these objects, the punctured plane, loop A, and loop B, are topological spaces.

A reasonable question at this point is the following. Is loop A topologically equivalent to loop B? To answer this
question, one should specify what ”topological equivalence” means. One possible definition: I call them topologically
equivalent, if I can define a continuous function that maps loop A to loop B, and its inverse maps loop B to loop A. If
I use this definition, then I conclude that loop A is topologically equivalent with loop B. Another possible definition:
I call them topologically equivalent, if I can continuously deform loop A on the punctured plane such that I end up
with loop B. Clearly, I cannot do that, so I conclude that loop is not topologically equivalent with loop B.

These two di↵erent types of topological equivalence are captured by the concepts of homeomorphic equivalence and
homotopic equivalence. For this talk, we should care about the second one, homotopic equivalence. If I take this
definition, then the next question is the following. I can see with my eyes that these loop A and loop B

ssh model: picture, real-space hamiltonian, momentum-space hamiltonian, spectrum, gap;
to describe an insulator, the v = w line should be avoided
notice that the momentum-space hamiltonian is a map from the unit circle to the punctured plane, and it either

does not encircle the origin, or encircles it once. winding number 0,1 bulk has trivial/nontrivial topology. bulk is
trivial/topological bulk phase diagram

Appendix A: Formal definitions in topology, with examples relevant for topological insulators
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half filling: 1 electron per atom



k-space Hamiltonian maps unit circle to complex plane
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only exception is figure c, which shows the case when the two hopping parameters are equal; in this case, there is
no energy gap, and thereby this system is not an insulator but a metal. The fact that this is a metal can also be
deduced from figure h, which shows the image of the brillouin zone via the function f when v and w are equal. As
you see, the image contains the origin: that means that there is a certain wave number value, actually, k=pi, where
this f function is zero, and therefore the energies of the valence and conduction bands are degenerate. But this talk
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What is topology? Generally speaking, it is the branch of mathematics that aims at classifying geometrical objects:
two objects belong to the same topological class, if they can be continuously deformed to each other. If two objects
belong to the same topological class, then this is also often expressed by saying that these two objects are ”topologically
equivalent”. In order to keep the discussion simple, and also because I do not have a strong background in mathematics,
I will not use formal definitions and statements here, but I will try to illustrate the relevant concepts using elementary
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A central concept in topology is the topological space. Take an example: the two-dimensional plane without the
origin. I’ll call this the ”punctured plane”, to indicate that the origin is excluded. A second example is this closed
loop, called loop A, which is embedded in the punctured plane, and does not enclose the origin. The third example is
this closed loop, called loop B, which is also embedded in the punctured plane, but this one encircles the origin. All
these objects, the punctured plane, loop A, and loop B, are topological spaces.

A reasonable question at this point is the following. Is loop A topologically equivalent to loop B? To answer this
question, one should specify what ”topological equivalence” means. One possible definition: I call them topologically
equivalent, if I can define a continuous function that maps loop A to loop B, and its inverse maps loop B to loop A. If
I use this definition, then I conclude that loop A is topologically equivalent with loop B. Another possible definition:
I call them topologically equivalent, if I can continuously deform loop A on the punctured plane such that I end up
with loop B. Clearly, I cannot do that, so I conclude that loop is not topologically equivalent with loop B.

These two di↵erent types of topological equivalence are captured by the concepts of homeomorphic equivalence and
homotopic equivalence. For this talk, we should care about the second one, homotopic equivalence. If I take this
definition, then the next question is the following. I can see with my eyes that these loop A and loop B
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Two insulating SSH Hamiltonians can be homotopy equivalent.
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�ik (1)
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before maps each point of the unit circle to a point on the complex plane. As we move from left to right on this plots,
the relative values of the two hopping parameters v and w are changed. Let’s look at the dispersion relations or band
structures first. We see that if the two hopping parameters are di↵erent, then there is a nonzero energy gap between
the valence band and the conduction band. Since each atom provides a single electron to these states, and the number
of states in each band is the same as the number of atoms, we know that all valence band states are filled and all
conduction band states are empty at zero temperature. That implies that figures a,b,d and e describe insulators. The
only exception is figure c, which shows the case when the two hopping parameters are equal; in this case, there is
no energy gap, and thereby this system is not an insulator but a metal. The fact that this is a metal can also be
deduced from figure h, which shows the image of the brillouin zone via the function f when v and w are equal. As
you see, the image contains the origin: that means that there is a certain wave number value, actually, k=pi, where
this f function is zero, and therefore the energies of the valence and conduction bands are degenerate. But this talk
is about topological insulators, and therefore in what follows I’d like to restrict my attention to insulators, so I will
disregard those points in the parameter space where v equals w. The means that I focus on SSH hamiltonians where
the image of the BZ via the function f does not include the origin of the complex plane.

SSH parameter space is partitioned to two topologically non-equivalent segments.

Zero intracell hopping ensures the existence of one zero-energy bound state at each edge of a finite SSH chain.

SSH Hamiltonians have chiral symmetry.

Chiral symmetry ensures the existence of zero-energy edge states in a long topological SSH chain.

Chiral symmetry ensures robustness of zero-energy edge states against disorder

SSH is one creature in the zoo of topological insulators

What is topology? Generally speaking, it is the branch of mathematics that aims at classifying geometrical objects:
two objects belong to the same topological class, if they can be continuously deformed to each other. If two objects
belong to the same topological class, then this is also often expressed by saying that these two objects are ”topologically
equivalent”. In order to keep the discussion simple, and also because I do not have a strong background in mathematics,
I will not use formal definitions and statements here, but I will try to illustrate the relevant concepts using elementary
examples.

A central concept in topology is the topological space. Take an example: the two-dimensional plane without the
origin. I’ll call this the ”punctured plane”, to indicate that the origin is excluded. A second example is this closed
loop, called loop A, which is embedded in the punctured plane, and does not enclose the origin. The third example is
this closed loop, called loop B, which is also embedded in the punctured plane, but this one encircles the origin. All
these objects, the punctured plane, loop A, and loop B, are topological spaces.

A reasonable question at this point is the following. Is loop A topologically equivalent to loop B? To answer this
question, one should specify what ”topological equivalence” means. One possible definition: I call them topologically
equivalent, if I can define a continuous function that maps loop A to loop B, and its inverse maps loop B to loop A. If
I use this definition, then I conclude that loop A is topologically equivalent with loop B. Another possible definition:
I call them topologically equivalent, if I can continuously deform loop A on the punctured plane such that I end up
with loop B. Clearly, I cannot do that, so I conclude that loop is not topologically equivalent with loop B.

These two di↵erent types of topological equivalence are captured by the concepts of homeomorphic equivalence and
homotopic equivalence. For this talk, we should care about the second one, homotopic equivalence. If I take this
definition, then the next question is the following. I can see with my eyes that these loop A and loop B

ssh model: picture, real-space hamiltonian, momentum-space hamiltonian, spectrum, gap;
to describe an insulator, the v = w line should be avoided
notice that the momentum-space hamiltonian is a map from the unit circle to the punctured plane, and it either

does not encircle the origin, or encircles it once. winding number 0,1 bulk has trivial/nontrivial topology. bulk is
trivial/topological bulk phase diagram
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Qs to Janos/Laci:

”TRS implies zero chern number.” But if we have TRS, then we have degeneracies, so the Chern number is undefined,

right? Should we say, as a remark, that the Berry curvature is an antisymmetric function of the momentum?

Have you tried playing around with the QHE on a square lattice? How does the bulk spectrum look, for various

”periodic” flux values? How do the edge state look, for various periodic flux values?

I. KEY STATEMENTS

A. 1D chiral-symmetric topological insulators

1. SSH models can be classified topologically, according to their integer winding number as the topological invariant.

2. All ⌫ = 1 long SSH chains have a zero-energy edge at each edge.

3. These edge states remain at zero energy in the presence of disorder, as long as that respects chiral symmetry.

4. SSH chains can be generalized to have higher winding number, and the bulk-boundary correspondence holds in

that case.

5. Generalization to higher-dimensional internal space.

6. Using an SSH chain as a quantum memory.

7. Using an SSH chain as a quantum processor.
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An insulating SSH Hamiltonian has a topological invariant

4 1 The Su-Schrieffer-Heeger (SSH) model

|Yn(k)i= |ki⌦ |un(k)i ; |un(k)i= an(k) |Ai+bn(k) |Bi . (1.9)

The vectors |un(k)i 2 Hinternal are eigenstates of the bulk momentum-space Hamil-
tonian Ĥ(k) defined as

Ĥ(k) = hk| Ĥbulk |ki= Â
a,b2{A,B}

hk,a|Hbulk |k,b i · |aihb | ; (1.10)

Ĥ(k) |un(k)i= En(k) |un(k)i . (1.11)

Periodicity in wavenumber

Although Eq. (1.9) has a lot to do with the continous-variable Bloch theorem,
Yn,k(x) = eikxun,k(x), this correspondence is not direct. In a discretization of the
continuous-variable Bloch theorem, the internal degree of freedom would play the
role of the coordinate within the unit cell, which is also transformed by the Fourier
transform. Thus, the function un,k(x) cell-periodic, un,k(x+1) = un,k(x), but not pe-
riodic in the Brillouin zone, un,k+2p(x+ 1) 6= un,k(x). Our Fourier transform acts
only on the external degree of freedom, and as a result, we have periodicity in the
Brillouin zone,

Ĥ(k+2p) = Ĥ(k); |un(k+2p)i= |un(k)i . (1.12)

This convention simplifies the formulas for the topological invariants immensely.
Note, however, that the other convention, the discretization of the Bloch theorem, is
also widely used in the literature. We compare the two approaches in Appendix ??.

As an example, for the SSH model on a chain of N = 4 unit cells, the Schrödinger
equation, Eq. (1.7), using Eq. (1.9), translates to a matrix eigenvalue equation,

0
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0 v 0 0 0 0 0 w
v 0 w 0 0 0 0 0
0 w 0 v 0 0 0 0
0 0 v 0 w 0 0 0
0 0 0 w 0 v 0 0
0 0 0 0 v 0 w 0
0 0 0 0 0 w 0 v
w 0 0 0 0 0 v 0

1
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0
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b(k)eik

a(k)e2ik

b(k)e2ik

a(k)e3ik

b(k)e3ik
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b(k)eNik

1
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= E(k)
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a(k)eik

b(k)eik

a(k)e2ik

b(k)e2ik

a(k)e3ik

b(k)e3ik

a(k)eNik

b(k)eNik

1

CCCCCCCCCCA

. (1.13)

The Schrödinger equation defining the matrix H(k) of the bulk momentum-space
Hamiltonian reads

H(k) =
✓

0 v+we�ik

v+weik 0

◆
; H(k)

✓
a(k)
b(k)

◆
= E(k)

✓
a(k)
b(k)

◆
. (1.14)

k-space SSH Hamiltonian:

1.2 Bulk Hamiltonian 5

1.2.1 The hopping is staggered to open a gap

The dispersion relation of the bulk can be read off from Eq. (1.14), using the fact
that Ĥ(k)2 = E(k)2Î2. This gives us

E(k) =
���v+ e�ikw

���=
p

v2 +w2 +2vwcosk. (1.15)

We show this dispersion relation for five choices of the parameters in Fig. 1.2.

Fig. 1.2 Dispersion relations of the SSH model, Eq. (1.15), for five settings of the hopping ampli-
tudes: (a): v = 1,w = 0; (b): v = 1,w = 0.6; (c): v = w = 1; (d): v = 0.6,w = 1; (e): v = 0,w = 1.
In each case, the path of the endpoints of the vector d(k) representing the bulk momentum-space
Hamiltonian, Eqs. (1.17) and (1.18), are also shown on the dx,dy plane, as the wavenumber is
sweeped across the Brillouin zone, k = 0 ! 2p . .

As long as the hopping amplitudes are staggered, v 6= w, (Figs. 1.2 (a),(b),(d),(e),
there is an energy gap of 2D separating the lower, filled band, from the upper, empty
band, with

D = minkE(k) = |v�w| . (1.16)

Without the staggering, i.e., if v = w, (Fig. 1.2 (c), the SSH model describes a con-
ductor. In that case there are plane wave eigenstates of the bulk available with arbi-
trarily small energy, which can transport electrons from one end of the chain to the
other.

The staggering of the hopping amplitudes occurs naturally in many solid state
systems, e.g., polyacetylene, by what is known as the Peierls instability. A detailed
analysis of this process neccesitates a model where the positions of the atoms are
also dynamical[32]. Nevertheless, we can understand this process intuitively just
from the effects of a slight staggering on the dispersion relation. As the gap due
to the staggering of the hopping amplitudes opens, the energy of occupied states is
lowered, while unoccupied states move to higher energies. Thus, the staggering is
energetically favourable.

metal
winding 
number

insulator
0

insulator
0

insulator
1

insulator
1



SSH parameter space has two topological phases

16 1 The Su-Schrieffer-Heeger (SSH) model

invariant: 1) it is only well defined in the thermodynamic limit, 2) it depends on the
symmetries that need to be respected. An example for a topological invariant is the
winding number n of the SSH model.

We know that two insulating Hamiltonians are not adiabatically equivalent if their
topological invariants differ. Consider as an example two Hamiltonians correspond-
ing to two points on different sides of the phase boundary in Fig. 1.7 of the SSH
model. One might think that although there is no continous path connecting them in
the phase diagram, continuously modifying the bulk Hamiltonian by the addition of
extra terms can lead to a connection between them. However, their winding numbers
differ, and since winding numbers cannot change under adiabatic deformation, we
know that they are not adiabatically equivalent.

Number of edge states as a topological invariant

We have seen in Sect. 1.3.2, that the number of edge states at one end of the SSH
model was an integer that did not change under a specific type of adiabatic defor-
mation. We now generalize this example.

Consider energy eigenstates at the left end of a gapped chiral symmetric one-
dimensional Hamiltonian in the thermodynamic limit, i.e., with length N ! •, in
an energy window from �e < E < e , with e in the bulk gap. There can be nonzero
energy edge states in this energy window, and zero energy edge states as well. Each
nonzero energy state has to have a chiral symmetric partner, with the state and its
partner occupying the same unit cells (the chiral symmetry operator is a local uni-
tary). The number of zero energy states is finite (because of the gap in the bulk), and
they can be restricted to a single sublattice each. There are NA zero energy states on
sublattice A, and NB states on sublattice B.

Fig. 1.7 Phase diagram of
the SSH model. The wind-
ing number of the bulk
momentum-space Hamil-
tonian Ĥ(k) can be n = 0,
if v > w, or n = 1, if v < w.
This defines the trivial (gray)
and the topological phase
(white). The boundary sep-
arating these phases (black
solid line), corresponds to
v = w, where the bulk gap
closes at some k. Two Hamil-
tonians in the same phase are
adiabatically connected.

winding # = 1

winding # = 0



Bulk-boundary correspondence

If the bulk has nontrivial topology,  
then the edge has disorder-resistant bound states



Zero intracell hopping implies zero-energy states at edges

Fully dimerized limits of the SSH Hamiltonian:

trivial 
v = 1, w = 0

topological 
v = 0, w = 1
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SSH Hamiltonians have chiral symmetry
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fv,w : unit circle ! C, k 7! v + we
�ik (1)

Two insulating SSH Hamiltonians can be homotopy equivalent.

Let’s see a few examples, how these maps look like, for a few chosen values of the hopping parameters v and w.
Actually, in these figures, I’m showing two things. In the first row, I’m showing the dispersion relation, which is
simply the absolute value of the f function appearing in the o↵-diagonal matrix element of the k-space Hamiltonian.
In the second row, I’m showing the image of the brillouin zone produced by the function f, which, as we discussed
before maps each point of the unit circle to a point on the complex plane. As we move from left to right on this plots,
the relative values of the two hopping parameters v and w are changed. Let’s look at the dispersion relations or band
structures first. We see that if the two hopping parameters are di↵erent, then there is a nonzero energy gap between
the valence band and the conduction band. Since each atom provides a single electron to these states, and the number
of states in each band is the same as the number of atoms, we know that all valence band states are filled and all
conduction band states are empty at zero temperature. That implies that figures a,b,d and e describe insulators. The
only exception is figure c, which shows the case when the two hopping parameters are equal; in this case, there is
no energy gap, and thereby this system is not an insulator but a metal. The fact that this is a metal can also be
deduced from figure h, which shows the image of the brillouin zone via the function f when v and w are equal. As
you see, the image contains the origin: that means that there is a certain wave number value, actually, k=pi, where
this f function is zero, and therefore the energies of the valence and conduction bands are degenerate. But this talk
is about topological insulators, and therefore in what follows I’d like to restrict my attention to insulators, so I will
disregard those points in the parameter space where v equals w. The means that I focus on SSH hamiltonians where
the image of the BZ via the function f does not include the origin of the complex plane.

E(k) = ±|fv,w(k)| = ±|v + we
�ik| = ±

p
v2 + w2 + 2vw cos(k) (2)

SSH parameter space is partitioned to two topologically non-equivalent segments.

Zero intracell hopping ensures the existence of one zero-energy bound state at each edge of a finite SSH chain.

SSH Hamiltonians have chiral symmetry.

Definition: a � local unitary operator is a chiral symmetry if �H� = �H

� =

0
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0 �1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 �1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 �1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 �1

1
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(3)

Chiral symmetry ensures the existence of zero-energy edge states in a long topological SSH chain.

Chiral symmetry ensures robustness of zero-energy edge states against disorder

SSH is one creature in the zoo of topological insulators

What is topology? Generally speaking, it is the branch of mathematics that aims at classifying geometrical objects:
two objects belong to the same topological class, if they can be continuously deformed to each other. If two objects
belong to the same topological class, then this is also often expressed by saying that these two objects are ”topologically
equivalent”. In order to keep the discussion simple, and also because I do not have a strong background in mathematics,
I will not use formal definitions and statements here, but I will try to illustrate the relevant concepts using elementary
examples.

A central concept in topology is the topological space. Take an example: the two-dimensional plane without the
origin. I’ll call this the ”punctured plane”, to indicate that the origin is excluded. A second example is this closed
loop, called loop A, which is embedded in the punctured plane, and does not enclose the origin. The third example is
this closed loop, called loop B, which is also embedded in the punctured plane, but this one encircles the origin. All
these objects, the punctured plane, loop A, and loop B, are topological spaces.

2 1 The Su-Schrieffer-Heeger (SSH) model

Here |m,Ai and |m,Bi, with m 2 {1,2, . . . ,N}, denote the state of the chain where
the electron is on unit cell m, in the site on sublattice A, respectively, B, and h.c.
stands for Hermitian Conjugate (e.g., h.c. of |m,Bihm,A| is |m,Aihm,B|).

The spin degree of freedom is completely absent from the SSH model, since no
term in the Hamiltonian acts on spin. Thus, the SSH model describes spin-polarized
electrons, and when applying the model to a real physical system, e.g., polyacety-
lene, we have to always take two copies of it. In this chapter we will just consider a
single copy, and call the particles fermions, or electrons, or just particles.

We are interested in the dynamics of fermions in and around the ground state of
the SSH model at zero temperature and zero chemical potential, where all negative
energy eigenstates of the Hamiltonian are singly occupied (because of the Pauli
principle). As we will show later, due to the absence of onsite potential terms, there
are N such occupied states. This situation – called half filling – is characteristic of
the simplest insulators such as polyacetylene, where each carbon atom brings one
conduction electron, and so we find 1 particle (of each spin type) per unit cell.

For simplicity, we take the hopping amplitudes to be real and nonnegative, v,w �
0. If this was not the case, if they carried phases, v = |v|eifv , and w = |w|eifw , with
fv,fw 2 [0,p), these phases could always be gauged away. This is done by a redefini-
tion of the basis states: |m,Ai! e�i(m�1)(fv+fw), and |m,Bi! e�ifve�i(m�1)(fv+fw).

The matrix for the Hamiltonian of the SSH model, Eq. (1.1), on a real-space
basis, for a chain of N = 4 unit cells, reads

H =

0
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0 v 0 0 0 0 0 0
v 0 w 0 0 0 0 0
0 w 0 v 0 0 0 0
0 0 v 0 w 0 0 0
0 0 0 w 0 v 0 0
0 0 0 0 v 0 w 0
0 0 0 0 0 w 0 v
0 0 0 0 0 0 v 0

1
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. (1.2)

External and internal degrees of freedom

There is a practical representation of this Hamiltonian, which emphasizes the sep-
aration of the external degrees of freedom (unit cell index m) from the internal de-
grees of freedom (sublattice index). We can use a tensor product basis,

|m,ai ! |mi⌦ |ai 2 Hexternal ⌦Hinternal, (1.3)

with m = 1, . . . ,N, and a 2 {A,B}. On this basis, with the Pauli matrices,

s0 =

✓
1 0
0 1

◆
; sx =

✓
0 1
1 0

◆
; sy =

✓
0 �i
i 0

◆
; sz =

✓
1 0
0 �1

◆
, (1.4)

the Hamiltonian can be written

SSH Hamiltonians  
have chiral symmetry:

For example, N = 4:
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Two insulating SSH Hamiltonians can be homotopy equivalent.

Let’s see a few examples, how these maps look like, for a few chosen values of the hopping parameters v and w.
Actually, in these figures, I’m showing two things. In the first row, I’m showing the dispersion relation, which is
simply the absolute value of the f function appearing in the o↵-diagonal matrix element of the k-space Hamiltonian.
In the second row, I’m showing the image of the brillouin zone produced by the function f, which, as we discussed
before maps each point of the unit circle to a point on the complex plane. As we move from left to right on this plots,
the relative values of the two hopping parameters v and w are changed. Let’s look at the dispersion relations or band
structures first. We see that if the two hopping parameters are di↵erent, then there is a nonzero energy gap between
the valence band and the conduction band. Since each atom provides a single electron to these states, and the number
of states in each band is the same as the number of atoms, we know that all valence band states are filled and all
conduction band states are empty at zero temperature. That implies that figures a,b,d and e describe insulators. The
only exception is figure c, which shows the case when the two hopping parameters are equal; in this case, there is
no energy gap, and thereby this system is not an insulator but a metal. The fact that this is a metal can also be
deduced from figure h, which shows the image of the brillouin zone via the function f when v and w are equal. As
you see, the image contains the origin: that means that there is a certain wave number value, actually, k=pi, where
this f function is zero, and therefore the energies of the valence and conduction bands are degenerate. But this talk
is about topological insulators, and therefore in what follows I’d like to restrict my attention to insulators, so I will
disregard those points in the parameter space where v equals w. The means that I focus on SSH hamiltonians where
the image of the BZ via the function f does not include the origin of the complex plane.

E(k) = ±|fv,w(k)| = ±|v + we
�ik| = ±

p
v2 + w2 + 2vw cos(k) (2)

SSH parameter space is partitioned to two topologically non-equivalent segments.

Zero intracell hopping ensures the existence of one zero-energy bound state at each edge of a finite SSH chain.

SSH Hamiltonians have chiral symmetry.

Definition: a � local unitary operator is a chiral symmetry if �H� = �H
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Consequences of chiral symmetry
Up-down symmetric energy spectrum: H = E implies H(� ) = �E(� )
Finite-energy eigenstates have a ‘chiral partner’ at opposite energy
A zero-energy eigenstate might be its own chiral partner

Chiral symmetry ensures the existence of zero-energy edge states in a long topological SSH chain.

Chiral symmetry ensures robustness of zero-energy edge states against disorder

SSH is one creature in the zoo of topological insulators

What is topology? Generally speaking, it is the branch of mathematics that aims at classifying geometrical objects:
two objects belong to the same topological class, if they can be continuously deformed to each other. If two objects
belong to the same topological class, then this is also often expressed by saying that these two objects are ”topologically
equivalent”. In order to keep the discussion simple, and also because I do not have a strong background in mathematics,
I will not use formal definitions and statements here, but I will try to illustrate the relevant concepts using elementary
examples.
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Example: fully dimerized topological SSH chain

Poor man’s topological quantum gate based on the Su-Schrie↵er-Heeger model

Péter Boross1 and András Pályi2, ⇤
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Institute of Physics, Budapest University of Technology and Economics, H-1111 Budapest, Hungary

(Dated: September 16, 2019)

Topological properties of quantum systems could provide protection of information against envi-

ronmental noise, and thereby drastically advance their potential in quantum information processing.

Most proposals for topologically protected quantum gates are based on many-body systems, e.g.,

fractional quantum Hall states, exotic superconductors, or ensembles of interacting spins, bearing an

inherent conceptual complexity. Here, we propose and study a topologically protected quantum gate,

based on a one-dimensional single-particle tight-binding model, known as the Su-Schrie↵er-Heeger

chain. The gate proposed is a ⇡ phase gate, which acts in the two-dimensional zero-energy sector of

a Y junction assembled from three Su-Schrie↵er-Heeger chains, and based on the spatial exchange

of the defects supporting the zero-energy modes. We demonstrate that the gate is topologically

protected in a certain sense, and that this protection arises from the presence of chiral symmetry

and the large spatial separation of the defects supporting the zero-energy modes. This setup will

most likely not lead to a practical quantum computer, nevertheless it does provide valuable insight

to aspects of topological quantum computing as an elementary minimal model. Since this model

is non-interacting and non-superconducting, its dynamics can be studied experimentally, e.g., using

coupled optical waveguides.
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I. Slides 1

II. Symmetric tunneling 1

I. SLIDES

Definition: A unitary and hermitian operator � is
a chiral symmetry of the Hamiltonian H if �H�† = �H.

Remark: For electrons in crystals, we usually consider local chiral symmetry.

II. SYMMETRIC TUNNELING

You’re saying that if you couple a dot to one end of the wire, then tunneling will happen irrespective of the wire
parity, whereas you can have a parity-sensitive tunneling process if you couple the dot to both ends. Why is that?

A basic argument is the one you’ve heard many times. If the excitations are spatially separated zero-energy
Majorana modes, then that means that the two ground states cannot be distinguished by any local physical quantity,
including charge dynamics. By connecting the Majorana modes, they are not separated any more, so the di↵erence
can be revealed.

Assume you have an asymmetric coupling, Hc / c
†
Ncd + c

†
dcN . One can expand cN in terms of the Majorana

operators, cN = aN + ibN .



Chiral symmetry implies edge states in topological SSH

8 1 The Su-Schrieffer-Heeger (SSH) model

The edges in the fully dimerized limit can host zero energy states

In the trivial case, v = 1,w = 0, all energy eigenstates of the SSH chain are given
by the formulas of the bulk, Eq. (1.19). A topological, fully dimerized SSH chain,
with v = 0,w = 1, however, has more energy eigenstates than those listed Eq. (1.20).
Each end of the chain hosts a single eigenstate at zero energy,

v = 0,w = 1 : Ĥ |1,Ai= Ĥ |N,Bi= 0. (1.21)

These eigenstates have support on one site only. Their energy is zero because onsite
potentials are not allowed in the SSH model. These are the simplest examples of
edge states.

1.3.2 Moving away from the fully dimerized limit

We now examine what happens to the edge states as we move away from the fully
dimerized limit. To be specific, we examine how the spectrum of an open topological
chain, v = 0,w = 1, of N = 10 unit cells changes, as we continuously turn on the
intracell hopping amplitude v. The spectra, Fig. 1.4, reveal that the energies of the
edge states remain very close to zero energy.

The wavefunctions of almost-zero-energy edge states have to be exponentially
localized at the left/right edge, because the zero of energy is in the bulk band gap. A
plot of the wavefunctions (which have only real components, since the Hamiltonian

Fig. 1.4 Energy spectrum and wave functions of a finite-sized SSH model. The number of unit
cells is N = 10. (a) Energy spectrum of the system for intercell hopping amplitude w = 1 as a
function the intracell hopping amplitude v. v < 1 (v > 1) corresponds to the topological (trivial)
phases. (b) and (c) shows the wave functions of the hybridized edge states, while (d) shows a
generic bulk wave function.

Take long fully dimerized topological SSH chain (v = 0, w = 1). 
Switch on a uniform intercell hopping v. 

Does the zero-energy edge state survive? 
It does: its energy sticks to zero due to chiral symmetry. 

The energy can leave zero only if the left and right edge states hybridize.

bulk-boundary correspondence



Edge states are robust against chiral-symmetric disorder
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SSH is one creature in the zoo of topological insulators

Table from A. W. W. Ludwig, Physica Scripta (2016)

17
CONTENTS 14

Cartan G/H d̄ = 0 d̄ = 1 d̄ = 2 d̄ = 3 d̄ = 4 d̄ = 5 d̄ = 6 d̄ = 7

Complex :

A U(N+M)/U(N)�U(M) � Z 0 �� Z 0 �� Z 0 �� Z 0 �
AIII U(N) 0 �� Z 0 �� Z 0 �� Z 0 �� Z
Real :

AI Sp(N+M)/Sp(N)�Sp(M) � Z 0 0 0 �� Z Z2 Z2 0 �
BDI U(2N)/Sp(2N) 0 �� Z 0 0 0 �� Z Z2 Z2

D O(2N)/U(N) Z2 0 �� Z 0 0 0 �� Z Z2

DIII O(N) Z2 Z2 0 �� Z 0 0 0 �� Z
AII O(N+M)/O(N)�O(M) � Z Z2 Z2 0 �� Z 0 0 0 �
CII U(N)/O(N) 0 �� Z Z2 Z2 0 �� Z 0 0

C Sp(2N)/U(N) 0 0 �� Z Z2 Z2 0 �� Z 0

CI Sp(2N) 0 0 0 �� Z Z2 Z2 0 �� Z

FIG. 3. Table of Homotopy Groups ⇡s (G/H) of the ten symmetric spaces appearing in the Ten-Fold-Way.[16, 57]. Here,
according to (44), s = d when ⇡s (G/H) = Z2, whereas according to (45), s = d + 1 when ⇡s (G/H) = Z. The left-arrows
indicate that due to (45) the boundary dimension d of the Topological Insulator (Superconductor) with the corresponding Z
classification is located at the end of the arrow. After moving all entries Z to the end of the corresponding arrows, and after
shifting all columns of the Table in FIG. 3 - this implements the rules specified in (44, 45) - one obtains from FIG. 3 directly
the Table of Topological Insulators and Superconductors, TABLEs III and IV.

Cartan\d 0 1 2 3 4 5 6 7 8
Complex case:
A Z 0 Z 0 Z 0 Z 0 Z · · ·

AIII 0 Z 0 Z 0 Z 0 Z 0 · · ·

Real case:
AI Z 0 0 0 2Z 0 Z2 Z2 Z · · ·

BDI Z2 Z 0 0 0 2Z 0 Z2 Z2 · · ·

D Z2 Z2 Z 0 0 0 2Z 0 Z2 · · ·

DIII 0 Z2 Z2 Z 0 0 0 2Z 0 · · ·

AII 2Z 0 Z2 Z2 Z 0 0 0 2Z · · ·

CII 0 2Z 0 Z2 Z2 Z 0 0 0 · · ·

C 0 0 2Z 0 Z2 Z2 Z 0 0 · · ·

CI 0 0 0 2Z 0 Z2 Z2 Z 0 · · ·

TABLE IV. Table of Topological Insulators and Superconductors[14–17] .
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TABLE IV. Table of Topological Insulators and Superconductors[14–17] .
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Bulk-boundary correspondence

If the bulk has nontrivial topology,  
then the edge has disorder-resistant bound states















For zero-energy eigenstates of a single-particle Hamiltonian with chiral symmetry, 
it is true that… 

a) they are chiral symmetric partners of themselves. 

b) they break chiral symmetry.  

c) their total number is always odd. 

d) they can be chiral symmetric partners of themselves.












