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2.1 Discrete case 23

Fig. 2.1 Berry phase, Berry flux and Berry curvature for discrete quantum states. (a) The Berry
phase gL for the loop L consisting of N = 3 states is defined from the relative phases g12, g23, g31.
(b) The Berry phase of a loop defined on a lattice of states can be expressed as the sum of the Berry
phases F1,1 and F2,1 of the plaquettes enclosed by the loop. The plaquette Berry phase Fn,m is also
called Berry flux.

2.1.3 Berry flux

Consider a Hilbert space of quantum states, and a finite two-dimensional square lat-
tice with points labelled by n,m 2 Z, 1  n  N, and 1  m  M. Assign a quantum
state |Yn,mi from the Hilbert space to each lattice site. Say you want to know the
Berry phase of the loop L around this set,

gL =�argexp

"
� i

 
N�1

Â
n=1

g(n,1),(n+1,1) +
M�1

Â
m=1

g(N,m),(N,m+1)

+
N�1

Â
n=1

g(n+1,M),(n,M) +
M�1

Â
m=1

g(1,m+1),(1,m)

!#
(2.7)

as shown in Fig. 2.1. Although the Berry phase is a gauge invariant quantity, cal-
culating it according to the recipe above involves multiplying together many gauge
dependent complex numbers. The alternative route, via Eq. (2.6), involves multli-
plying gauge independent matrices, and then taking the trace.

There is a way to break the calculation of the Berry phase of the loop down to
a product of gauge independent complex numbers. To each plaquette (elementary
square) on the grid, with n,m indexing the lower left corner, we define the Berry
flux Fn,m of the plaqette using the sum of the relative phases around its boundary,

Fnm =�argexp
⇥
�i
�
g(n,m),(n+1,m) + g(n+1,m),(n+1,m+1)

+g(n+1,m+1),(n,m+1) + g(n,m+1),(n,m)

�⇤
, (2.8)

for n = 1, . . . ,N and m = 1, . . . ,M. Note that the Berry flux is itself a Berry phase
and is therefore gauge invariant. Alternatively, we can also write

Fnm =�arg
�
hYn,m |Yn+1,mihYn+1,m |Yn+1,m+1i

hYn+1,m+1 |Yn,m+1ihYn,m+1 |Yn,mi
�
, (2.9)
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Fig. 2.2 The Bloch sphere. A generic traceless gapped two-level Hamiltonian is a linear combi-
nation of Pauli matrices, Ĥ(d) = d · ŝ . This can be identified with a point in R3\{0}. The eigenen-
ergies are given by the distance of the point from the origin, the eigenstates depend only on the
direction of the vector d, i.e., on the angles q and j , as defined in subfigure (a) and in Eq. (2.62)
The Berry phase of a closed curve C is half the area enclosed by the curve when it is projected
onto the surface of the Bloch sphere.

|+di= eia(q ,j)
✓

e�ij/2 cosq/2
eij/2 sinq/2

◆
, (2.64)

while the eigenstate with E =� |d| is |�di= eib (d) |+�di. The choice of the phase
factors a and b above corresponds to fixing a gauge. We will now review a few
gauge choices.

Consider fixing a(q ,j) = 0 for all q ,j . This is a very symmetric choice, in this
way in formula (2.64), we find q/2 and j/2. There is problem, however, as you
can see if you consider a full circle in parameter space: at any fixed value of q , let
j = 0 ! 2p . We should come back to the same Hilbert space vector, and we do, but
we also pick up a phase of �1. We can either say that this choice of gauge led to a
discontinuity at j = 0, or that our representation is not single-valued. We now look
at some attempts at fixing these problems, to find a gauge that is both continuous
and single valued.

As a first attempt, let us fix a = j/2; denoting this gauge by subscript S, we have

|+diS =

✓
cosq/2

eij sinq/2

◆
. (2.65)

The phase prefactor now gives an additional factor of �1 as we make the circle in j
at fixed q , and so it seems we have a continuous, single valued representation. There
are two tricky points, however: the North Pole, q = 0, and the South Pole, q = p .
At the North Pole, |(0,0,1)iS = (1,0) no problems. This gauge is problematic at the
South Pole, however (which explains the choice of subscript): there, |(0,0,�1)iS =
(0,eij), the value of the wavefunction depends on which direction we approach the
South Pole from.

32 2 Berry phase, Chern number

even if in theory a gauge exists where all elements of the snapshot basis are smooth
functions of the parameters, this gauge might be very challenging to construct.

We consider the following problem. We assume that the system is initialized with
R = R0 and in an eigenstate |n(R0)i that is in the discrete part of the spectrum, i.e.,
En(R)�En�1(R) and En+1(R)�En(R) are nonzero. At time t = 0 we thus have

R(t = 0) = R0; |y(t = 0)i= |n(R0)i . (2.43)

Now assume that during the time t = 0 ! T the parameters R are slowly changed:
R becomes R(t), and the values of R(t) define a continuous directed curve C . Also,
assume that |n(R)i is smooth along the curve C . The state of the system evolves
according to the time-dependent Schrödinger equation:

i
d
dt

|y(t)i= Ĥ(R(t)) |y(t)i . (2.44)

Further, assume that R is varied in such a way that at all times the energy gaps
around the state |n(R(t))i remain finite. We can then choose the rate of variation of
R(t) along the path C to be slow enough compared to the frequencies corresponding
to the energy gap, so the adiabatic approximation holds In that case, the system
remains in the energy eigenstate |n(R(t))i, only picking up a phase. We are now
going to find this phase.

By virtue of the adiabatic approximation, we take as Ansatz

|y(t)i= eign(t)e�i
R t

0 En(R(t 0))dt 0 |n(R(t))i . (2.45)

For better readability, in the following we often drop the t argument where this leads
to no confusion. The time derivative of Eq. (2.45) reads

i
d
dt

|y(t)i= eigne�i
R t

0 En(R(t 0))dt 0
✓
�dgn

dt
|n(R)i+En(R) |n(R)i+ i

�� d
dt n(R)

↵◆
.

(2.46)

To show what we mean by
�� d

dt n(R(t))
↵
, we write it out explicitly in terms of a fixed

basis, that of the eigenstates at R = R0:

|n(R)i= Â
m

cm(R) |m(R0)i ; (2.47)

�� d
dt n(R(t))

↵
=

dR

dt
· |—Rn(R)i= dR

dt Â
m

—Rcm(R) |m(R0)i . (2.48)

We insert the Ansatz (2.45) into the right hand side of the Schrödinger equa-
tion (2.44), use the snapshot eigenvalue relation (2.42), simplify and reorder the
Schrödinger equation, and obtain

�dgn

dt
|n(R)i+ i

�� d
dt n(R)

↵
= 0. (2.49)
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Multiplying from the left by hn(R)|, and using Eq. (2.48), we obtain

d
dt

gn(t) = i
⌦
n(R(t))

�� d
dt n(R(t))

↵
=

dR

dt
ihn(R) | —Rn(R)i . (2.50)

We have found that for the directed curve C in parameter space, traced out by
R(t), there is an adiabatic phase gn(C ), which reads

gn(C ) =
Z

C

ihn(R) | —Rn(R)idR. (2.51)

A related result is obtained after a similar derivation, if the parameter space of the R

points is omitted and the snapshot basis |n(t)i is parametrized directly by the time
variable. Then, the adiabatic phase is

gn(t) =
Z t

0
i
⌦
n(t 0)

�� ∂t 0n(t 0)
↵

dt 0. (2.52)

Equation (2.51) allows us to formulate the key message of this section as the
following. Consider the case of an adiabatic and cyclic change of the Hamiltonian,
that is, when the curve C is closed, implying R(T ) = R0. In this case, the adiabatic
phase reads

gn(C ) =
I

C

ihn(R) | —Rn(R)idR. (2.53)

Therefore, the adiabatic phase picked up by the state during a cyclic adiabatic
change of the Hamiltonian is equivalent to the Berry phase corresponding to the
closed oriented curve representing the Hamiltonian’s path in the parameter space.

Two further remarks are in order. First, on the face of it, our derivation seems to
do too much. It seems that we have produced an exact solution of the Schrödinger
equation. Where did we use the adiabatic approximation? In fact, Eq. (2.50) does not
imply Eq. (2.49). For the more complete derivation, showing how the nonadiabatic
terms appear, see [15].

The second remark concerns the measurability of the Berry phase. The usual way
to experimentally detect phases is by an interferometric setup. This means coher-
ently splitting the wavefunction of the system into two parts, taking them through
two adiabatic trips in parameter space, via R(t) and R

0(t), and bringing the parts
back together. The interference only comes from the overlap between the states: it
is maximal if |n(R(T ))i= |n(R0(T ))i, which is typically ensured if R(T ) = R

0(T ).
The difference in the adiabatic phases gn and g 0n is the adiabatic phase associ-
ated with the closed loop C , which is the path obtained by going forward along
t = 0 ! T : R(t), then coming back along t = T ! 0 : R

0(t).
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