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1 Green-function matrices in the TB formalism
In the tight binding (TB) picture the matrix of a Hamiltonian H is in the form
1= {17} 0

where
ﬂij =& 5ij + Zij . (2>

Single and double underlines denote matrices in angular momentum space and site-angular mo-
mentum space, respectively. The size of each angular momentum block is determined by the
dimension of the basis centered at each site i. In the case of 3d transition metals e.g., the hy-
bridized 3d-4s-4p valence band spans a 9-dimensional space (18 including spin). In many cases
the on-site energy blocks ¢; in Eq. (2) are themselves diagonal, but this is not necessary. The
hopping integrals 7/ are strictly site-off-diagonal.

The resolvent (or Green-function) matrix of a given system described by the Hamiltonian I
can be defined as

G(2)i=(z—H)" (3)

for any z € C (at least where the inversion can be performed). Suppose that the solutions of the
eigenvalue equation,
Heo=¢¢, (reN) (4)

are kown, where ¢, are orthonormal column vectors,
cle, =0, (5)
and form a full set of the Hilbert space,
Z c.cl = 1. (6)
T
The Hamiltonian matrix can then be written as

H=Y e cd, (7)



where n runs over all eigenvectors. This implies the spectral decomposition of the matrix G (2),

ct
Q=Y =% (8)

z—&r

The fundamental analytic property of the resolvent,

G()=C(2) (9)
is a consequence of this decomposition. Another fundamental identity can be derived from (3):
dG (2) 2
=2 = _G()?. 10
=2 = G() (10)

Since G(z2) is undefined at real energies, ¢,,, we have to approach the real arguments from the

imaginary direction,

.|.
+ _ cTcr
& (5)_25_&,1@0’ (11)

for any ¢ € R. Note that G (¢) # G (¢) if € is in the spectrum of H. Equation (9) implies
(¢ @) =G ). (12)

The well-known identity,

1 7)( L >q:z7r5(€—6r), (13)

€—¢e, 10 - £ — &,
leads to the relationship,

S o(e—e)ed = —— [GF (1) - G ()]

2w —
-

- lere- @ ). (14)

271

By composing the trace of (14), the density of states of the system, n (¢), can be expressed from

the Green function as

n(g) — Z(S (5 — 5r) = —QL Tr [g+(5) _ (§+(5))T]

— _QLM [Tr Gt (e) — (Tr G (e)) ] (15)
\
n(e) = —% InTrG* (e) = %ImTrg (e) . (16)

The expectation value of an observable A at zero temperature can be calculated as

(A}z/Z(S(e—sr) ciécrdaz/Z(S(e—eT)Tr [c.cl A de (17)

U
(A) = —%/ImTr [G" (e) A] de = %/ImTr (G (e) A] de, (18)

so G(z) and the spectrum of H contain the same information.
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2 Treating perturbations

-1
Suppose now that H = H ot AH, and go (2) = (z - H 0) is the resolvent of the reference
system. Then

(-G, () AH) G(:) = G, (2) (19)
\
()= (L-G() AH)  Gy(2) = Gy(2) (L- AHG, () (20)
On the other hand, from Eq. (19),
G(2) = Gy(2) + Gy(2) AHG(). (21)

This equation can be solved iteratively:

GO(z) =G, (2)
GO (2) =G, (2) + G, (2) AHG, ()
G(2) =G (2) + G () AHG, (2) + G, () AHG, (2) AH G, (2)
G(2) = G (2) + G () AHG, (2) + G, (2) AH G, (2) AH G (2) + ... (22)

This Dyson-equation can be rearranged as

G(2) =G (2) + Gy(2) |AL+ AHG (2) AH + ... | G (2)

=G, (2) + G (2) L(2) Gy (2) , (23)
where T'(z) is the so-called scattering matrix,

I(z) = AH + AHG(2) AH

=AH +AHG (2) L(2). (24)

T'(z) can be expressed as

T(e) = [~ AHG,(:)] AH=AH[1-G () AH] (25)
Furthermore,
L(2)G(2) = AHG(2) (26)
and
G,(=)T(2) = G(=) AHL. (27)

=0
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d%iZ) = AH d%iz)Ag_ —~AHG(2) G(2) AH (28)
_ o dG(2)
= —L(2) G,() G, (=) L(2) = L(z) =L —L(2). (29)

T(z)=1T(2)", (30)

while

[

H,

—~
[

~—
I

lim T (e 420) = T () = L*(e)' (31)

at real energies ¢.
By using equations (16) and (23), we get the density of states (DOS) of the perturbed system
with respect to the reference system,
1
n(e) = noe) =~ Im Tr |G () () GF ()] - (32)

The second term on the right-hand side can be reformulated as follows:

TGO O 6] =T re) = - [ e

dIn (T (e))
de

e L)

=—-T
g de

= —Tr

leading to the Lloyd-formula, which gives the integrated DOS of the perturbed system,

N(e) = / n (&) de’ = No(e) + %ImTrlngi(e) | (33)

—0o0

3 On-site perturbations
Case of a single on-site impurity: AH .= {AH;0;,0im},

T=AH +AHG AH +... (34)

with the single-site ¢-matrix

t;=AH; + AH,Git, = (I - Aﬂigéi)il AH; .

1

(35)
Now let AH be a sum of such on-site perturbations,

AQZZA%'
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Then the T-matrix is given by

(o)< (Son)e (Son)

_ZAH +ZAHGAH +ZAHGAHGAH +.

or written out in site-indices,

T —AH, 8 + AH,Gy" A, + S AH, Gy AHGE" A, + ...
k

%,J 2,7,k

=AH,6,m + Y  AH,GpFT™™.
k

The T-matrix can be rearranged as follows:

where

Q =AH +> AHG AH. +ZAHGAHG AH, + ...

r=>Q

- 1
K3

—==0 —j=—0 =k

- Agi + Agigo Z Qj

=AH +AHGQ +AHG Y Q

i)
¥
(L-AHG,))Q =AM, +AHG, j(%;) Q
¢
=t +tG Z Q.

)

where t_ is related to the single-site ¢-matrices introduced above,

L=

[-AHG 1Aﬂ.:z(5m5-n.
(L )) AL = {t0ndin}

(36)

(42)



Solving equation (42) iteratively,

Q) =t
1) —
Qi *éz‘ + Z éigoéj
J(#i)
(2) _
Qi _éi T Z éz‘go% + Z Eigoéjgoék
J(#1) J(#4)
k(#7)
U
Q =t + D tGt+ > tGLGH + Y LG GGl +. ..
J(#) 3(#4) J(#1)
k(#4) k(#75)

1(#k)

Using equation (39), we arrive at the multiple-scattering expansion of the T-matrix,

Since for all t = {t; dindim }, the above equation can be rewritten in site-indices as

k
(k7n)
(km)

k

Collecting all the single-site t-matrices into a site-diagonal matrix,
t 0 0

0 t, 0
t={t.om}=1 0 0 ts

and defining the site-off-diagonal part of the reference system’s resolvent matrix,

o G Gy
- n Qo 0 Qo :
gO = {on (1 - 57119)} = le Qg2 0 R ’
the T-matrix can be expressed as
g - é_‘_ égoé + égoégoé ’
or

(43)

(44)

(45)

(46)

(47)

(49)

(50)



that can be solved explicitely,
-1
_ [t
r=|r'-g,| - (51)

For a periodic lattice with one atom per unit cell, t, = ¢, (Vi), the T-matrix can be evaluated

via lattice Fourier transformation:

(o) = [ he PR T T, (52)
Viz JBz
where )
T(: ) = |t (=) = Gl B)| (53)
with
— —\ 1
Gol, k) = (2L - Hy(F)) (54)
and

— —
k

Hy(k)=£"+1(

)- (55)
H
Here £” is the on-site energy matrix of the reference system and (k) is the lattice Fourier

transform of the hopping integrals,

v(F) =3 FFy(R,). (56)

The resolvent matrix of the perturbed system can then calculated by using Eq.™(23). Equivalently,

G"™ (z) can be evaluated as

P / PheF ) (2 F) (57)
VBZ BZ
where
— — .\ 1
Gz k) = (2L - H(F)) (58)
and
— —
H(k)=e+(k), (59)

with € being the on-site energy matrix of the perturbed system.

4 Chemically disordered systems

4.1 Binary alloys

Let’s consider now a two-component (binary) random alloy, described by the random site-diagonal
Hamiltonian,

H; (&) =&H +(1-&) HY, (60)
where §; are independent random variables with Bernoulli distribution:

. (61)

€ = 1 with probability P; (1) :
‘10 with probability P; (0) =
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and the two chemical components are labelled by A and B. By definition the expected values are
El&] = (&) =, (62)

thus the expected value of H, is
(Hi) = (&) B+ (1 - &) HY = c; ' + (1 — ;) HY. (63)

Independence means that the joint probability mass function of {{} decomposes into the product

of the individual probability mass functions:

P{e}) = HP (&) (64)

Of course P ({£}) is a probability, since trivially

> Pdeh =11 (Z P; @-)) = 1. (65)
&=0

3 ¢

The configurational average of some physical quantity is then defined as

FUE) =) PUEHFHH =D . 27’1 &)... Py (En) F(&,....&).  (66)

{¢} &
Since G = G ({£1,62,---,én}) = G ({£}), the mean of a physical quantity A is

(A) =<——Im / fe) T [AG ({€))] d > (67)
—— o [ T A(G)] a: (68)

(where we suppressed the dependence of G on the energy ).

4.2 The Coherent Potential Approximation
Let us define an effective Hamiltonian H (often noted as % , the self-energy),
HY =H_;0; +7"7, (69)

such that »

<§ (2)) = G (2) = (z - £C> : (70)
called as the coherent potential approximation (CPA). Note that eqn. (70) can only be satisfied
if H = H _(z) is a function of the energy, but it is (by definition) configuration-independent.

Choosing H . to be the Hamiltonian of the reference system,

the z matrix is defined as
T=t+tGt++tGt01+.. (72)



with

and
t,=AH, + AH,Gt = (AH - G (74)

~1
Since, by definition, gc = (z -H C) is independent of the chemical configurations, the CPA

condition (70) can be reformulated as

(G)=G =G +G ()G, (75)
N8
(I)=0 (76)
N2
() +(CD + (GG H +...=0, (77)

or written out with respect to site indices,

(L) O+ (L G2 ) (1= 6um) + D (L GGG L)+ Y (L, GE i Gety Gty + ... = 0.

U(#km) -
78

Solving the above equation is quite cumbersome, therefore, the single-site CPA (ss-CPA)

condition is introduced as follows,

{t,) =0 (Vn). (79)
The ss-CPA condition implies:
(LG ) = L) Ge™ (L) =0, (80)
Y (GGG ) = Y (LG () GL,) = 0. (81)
k(#n,m) k(#n,m)

thus, the condition set by eq. (78) is satisfied up to third order in ¢,, ! In the sum contributing to

eq. (78) in fourth order of the single-site ¢-matrices ,

> (t, G GE G,

k(#n)
U(#k,m)

only those terms do not vanish by virtue of eq. (79), where each site index occurs at least twice,
since averages like (...%, ...t, ...) do not vanish by (79). These terms are called backscattering
terms. We can then state that the ss-CPA condition (79) implies the CPA condition (78) if all
the backscattering terms are disregarded. Let’s define this type of average as the ss-CPA average.

Then we can write,

(t) = 0 = (L") = 0 = ()P — G, (52)



4.2.1 Solving the ss-CPA condition

The ss-CPA can be solved iteratively. To initialize the iteration the average of the on-site energy

matrices (termed as the virtual crystal approximaton, VCA) can be used,
e’ =cey+(1-c)ep. (83)

1) Suppose that after the k" step of the iteration the coherent-potential on-site energy matrix

is ggk). As discussed before for periodic systems, the site-diagonal block of the CPA resolvent

matrix can be evaluated as

. 1
Qﬁ“Wz)z-——:/ G0, T). (84)
BZ JBZ
where .
GOz, F) = (21— P —(F)) . (85)

Note that G"*) (z) is independent on the lattice sites, thus we denote it by G°®) (2) .

2) The single-site CPA t-matrices for the two components are given by,

—1
19 = (1-AHPGP®) " AHY (= A,B) (86)
with
AHY =g, —el. (87)

3) According to eq. (79) we calculate
19 = et + (1 - o)ty (88)

and check whether it is zero within a predefined accuracy. If not, we look for a next guess of the

effective medium, §£k+1) and start again with step 1). A well-converging scheme to find ggkﬂ) is
based on the notion that the new effective on-site energy matrix, §Ek+1), provides the single-site

t-matrix gﬁ’“) with respect to ggk),
£ = (L= (D — o) GO0 (e41) — £l (59)

\

£ = (1) ) (90)
=+ (1 + zﬁk)Qﬁk>°0> el (91)
Clearly, when the ss-CPA condition converges, ;&’“) — 0, then §((;k) also converges, ggkﬂ) — §£k> — 0,

and vica versa.
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4.2.2 Restricted averages

Let us consider the average of the site-diagonal block of the resolvent matrix. Since any site is
occupied by component A with probability ¢ or component B with probability 1 — ¢, this average
can be written as

(@) = (G0 + (1) Q™) 5 (92)

where (G™),  denotes the so-called restricted average, when site n is coccupied by component «,

otherwise the random average over all the other sites is taken. In the relationship,

(G™)e = G+ > GEE(THY  Gh (93)

noa—C
k,l

the restricted average of the T-matrix is evaluated as follows:

(T, = tpe Ottt G t)na (1= 1)+ D (4, G, G ) nat Y (b G LG G ) nat -
)

r(#£k,l) r(#k
s(#r,l)
(94)

(e Gt o (1= 1) = a G2H(E) On (1= 631) + (t) GE'tg 61 (1 — O1n)
+ () GE () (1= 0r) (1 = 6pu) (1 = 0nie) = 0

Z <tk Qlcwtrgzltl>na = nk(sﬂl Z inaggr <§7‘>QCTI Zna

r(#k,l) r(#n)
+ 0k (1= 0u) D LG (L) G2 (ty)
r(#n.l)
+ (1 =0u) 6 Y ()G (L) G b
r(#kn)
+ (1= 6u) (1= 6u) Y (G (t,) Gi'ty)

r(#k)
- (1 - (5nk) (1 - 6nl) @kgkrt G’ §l> )

C —no —C

which is nonzero only for k& = [. This is, however, a backscattering term which is neglected within
the ss-CPA. Similarly, only the backscattering terms add contributions to the remaining sums in

(94). Omitting these terms, we obtain

\
(G T = G 4 G0 G = Gl Dy = DG (96)
with the so-called embedding matrices
D, =1L+1t,,G" (97)



and

The notation refers to the fact that G."D, , or QMQZ” mean the site-diagonal block of the
resolvent matrix for a system, when an atom « is embedded into the coherent medium at lattice

site n. The ss-CPA condition can then be reformulated as
CQnA+ (1 - C) QnB = CQnA+ (1 - C) QnB = l (99)

Later on we’ll need the two-site restricted average of the site-off-diagonal blocks of the resolvent,
(G"")

in case of the one-site restricted average lead to the result,

novmp 10T 7 7 m. For this reason we need to calculate <Ikl>m’m 5 Similar considerations as

(TMY™ 0%t tnbin + srmim + Lo G s Skndim + s G ey Spom i - (100)

na,mf —Cc

(G™),ams can then be evaluated as

ss—CPA
Glm

na,mfB —¢C

na,mf
k,l

=G+ GG+ Gl g G+ G G g G A G g G G
(101)

According to the single-site CPA, we neglect the backscattering term ngzmﬁg’g%mgjm in the

above formula and obtain the following compact result,

(G O = (L + GI"n) GE™ (L + £,5G™™) = D0 Gl D, (102)

na,mB
4.2.3 Bloch spectral functions for disordered alloys

In case of periodic solids the eigenstates of the Hamiltonian are Bloch functions characterized by

k vectors in the Brillouin zone and bands b,

H(7) ok, 7) = ey(K) Py (k, 7) (103)
where

y(k, 7+ Ry) = ey (K, 7). (104)

Let us transform the Schrédinger equation (103) into the orthonormal tight-binding represen-
tation:

> (n alH(R)|m, o) (m, o |9 (K, 7)) = eo(k) (n, alvy(k, 7)) (105)

) ~- -~ ~- ——
m,a HT ey (k) ot o ()

where n, m label sites, o, o’ stand for orbitals, and the coefficents c}}a(/;) satisfy,
cn (k) = e*Fncd (k). (106)

Introducing the row-vector,

&) = {0} . (107)
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eq. (105) can be rewritten as

J—

ZﬂnmeikRm cb(E) — €ZkRnEb(E) Cb(IZ) b

which can be refromulated in terms of the lattice Fourier transform of the Hamiltonian

H(E) = Z eiE(ﬁm—én)ﬁnm _ Z 6z‘l§}?nﬂon

m n

4
H(k) es(k) = ey(k) ey k).

The resolvent in the E—space can then be defined as,
. k) ey (k)T
Q(Z, k’) _ ZesznQOn (Z) _ Z Cb( )cb(]z)
n b
which is related to the Bloch spectral function (BSF) by

Ap(e,B) = 30 — ay(F) = —= I T G*(, )

™

1
= Im Tr Z e GO ()

T
The density of states of the system normalized to one atom can be expressed as

1 - 1 -
= — Ak O(e — gp(k)) = — Pk A k).
n(e) Viz /BZ Zb: (8 = &(k)) Viz /BZ 5(&, k)

(108)

(109)

(110)

(111)

(112)

Calculating the BSF for a given energy ¢ with a small imaginary part §, sharp peaks with a

halfwidth of ¢ show up in the Brillouin zone at the eigenvalues of the Hamiltonian. This is the

way to evaluate the energy dispersion of the Bloch electron (bandstructure) by using the resolvent

(or Green’s function).

In case of disordered alloys the BSF can at best be defined as an average of (111) in the

configuration space,
Ap(e E) = 1 Im Tr E eiER"(GO" (€))
) 71' E - *

Next we decompose the BSF into two contributions,
AB(5> E) = A1B<57 E) + AQB(€7 E)

where )
AbL(e, k) = == Im Tr (G (¢))

T
and

—, ]_ =1
A2 - _ ikRy On ]
5(e, k) - Im Tr ﬁg e (G ()
Rn(#£0)
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(114)

(115)
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The first contribution can be evaluated by using the on-site restricted averages of the resolvent,
(G*) = c(G™)oa + (1 = ) (G™)op = G, (117)
yielding
- 1
A, k) = —=ImTr G2 (¢) . (118)
T

For the second contribution we use the two-site restricted averages of the resolvent,

(G = (G )oana+c(1 =) (G)oamp + (1= ) (G™)opma + (1 — )" (G™Vopmp

= CQQAQSnQA +c (1 - C) QAQS“QB +c (1 - C) QBQSnQA + (1 - 0)2 QBQSnQB
= (cDj+ (1= ¢)Dp) G (cD 4+ (1 - ¢)Dp) = G,

where we used the equality (99), resulting in

-,

. 1 o 1
A4 (e k) = ——ImTr AZ eFlin GO (g) = —ImTr (G (e) — G, (e, k)] .
R (7#0)
The Bloch spectral function of disordered alloys can thus be written within the ss-CPA in a

similar way as for ordered systems, just by replacing G(e, k) with G, (e, k),
— 1 —.
Ag(e, k) = —;ImTrQC(a, k). (119)

We should emphasize again that this is the consequence of neglecting the backscattering terms in

the restricted averages. Since

]_ —
&=y [ PRGAeD), (120)
BZ JBZ
the average over the Brillouin zone of the BSF gives the averaged DOS per atom,
1 - 1
— Pk Ap(e k) = —=ImTr G% (¢) = (n (e)). (121)
Vbz JBz n

The peaks of the BSF give a meaningful information on the bandstructure for disordered alloys
as the positions of peaks 5b(E) can still be associated with the energies of the electrons. The peaks
have, however, finite width even when approaching the imaginary part of the energy to zero. This
refers to the fact that the Bloch states are not eigenstates of the system: the Bloch electrons are
quasiparticles with finite lifetime being inversely proportional with the halfwidth of the peaks of
the BSF. It is often useful to interpret the broadening of the peaks such that the bands of the
pure ordered systems are mixed due to disorder. This mixing can be different in different parts of

the Brillouin zone, thus the broadening of the peaks also varies in the BZ.

5 Description of the paramagnetic state - disordered local
moments

Spin-polarized electrons are described within the tight-model by spin-dependent on-site energies,

g, =& +b, €, (122)

T
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where now the single underline denotes matrices in orbital- and spin-space, i.e. a matrix of double
size as before. In the above formula g™ and b, are matrices in orbital space related to the
non-magnetic part of the Hamiltonian and the exchange splitting, respectively. The unit vector
e, stands for the direction of the exchange field (within the local spin-density approximation of
density functional theory it is identical with the direction of the magnetization) and & denote the
Pauli matrices. Note that spin-orbit coupling is not included in this description.

In the paramagnetic state the spin-orientations are distributed randomly over the unit sphere.
We can choose these orientations as the independent continuous random variables with the dis-

tribution function,

PHeh) =[P @), (123)
P (&) = %, /dzenP(én) =1, (124)

where [ d?e, means integration on the surface of the unit sphere. The configurational averages

can be calculated as
(F ({€})) ::/dZeP({g})F( e}) = /d2el.../d26N77(€1)...77(€N) F(e,....en) (125)
_ 1 /d%l.../d?eNF(él,...,éN). (126)

(4m)™

The Hamiltonian is then a function of the random variables,

H{{e) ={e.@) +7,,} (127)

where the hopping integrals are taken to be independent from the orientations of the local spin-

variables. The mean of a physical quantity A can be calculated in terms of the resolvent,

G({eh) = (- H{e}) .

as before,
(A) :<—%Im/f(5) Tr [AG ({&))] d5> (128)
_ %Im/f(e) T [A(G ({e))] de, (129)

thus, it is tempting to use the coherent-potential approximation to evaluate such averages,

(G{e) =G . (130)

Since gc describes a system with zero net magnetization, the effective on-site energy matrix g,
should be unit matrix in spin space. The single-site t-matrices with respect to the effective medium
are defined as

t,=AH, +AH,G"™t, = (I - AH,G™) ' AH (131)

n

15



with
AH, =¢,(€,) — €., - (132)

=emn

The single-site CPA condition then reads

{t,) = /dQentn (€n) =0. (133)

It is straightforward to prove that t, (&,) also takes the form of (122),

t (&) =t +At, 2 -, (134)

-n

where the matrices t2™ and Af, are unit matrices in spin space. therefore, the condition (133)

can be simplified to

/d%n (2™ + At, €, - 7) = t"™ + At, / d*epé,- G =1"=0. (135)
=0

Luckily, when solving the ss-CPA condition we got rid of the integration over continuous spin

directions. We can calculate t2™ by using eq. (131) if we fix €, to €, and —é,,

-n

1
t, (£€:) =" £ AL, 0. — 1" = B (t, (€2) + L, (=€) (136)
where t,, (£€.) corresponds to impurities embedded into the effective medium with on-site energies,

ef=gm4y . (137)

n

Thus the ss-CPA condition (135) can be reformulated in analogy of a binary alloy with ¢ = 0.5,
where the two components refer to the same magnetic atom with opposite (up and down) spin

orientations,

%(zz +1,) =0, (138)

This is the mean-field theory to calculate the electronic structure in the paramagnetic state called
the picture of Disordered Local Moments (DLM).
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