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Quantum Computing - what is it?



Quantum Computing - why should anyone care?

• algorithms solving computational problems can be slow or fast 
• for example, prime factorization is a problem for which only slow 

classical algorithms are known 
• prime factorization is important in information technology & security 
• there is a fast quantum algorithm for prime factorization (Shor)

• many experimental research groups are trying to build and improve 
quantum computer prototypes 

• private funding in quantum information technology increased a lot in 
the past few years (IBM, Google, Intel, Microsoft; Rigetti, Q-Ctrl, etc)

• prototype quantum computers that are available for anyone do exist, 
e.g., IBM Quantum Experience (small, noisy, not useful yet)

QC could be useful

People are interested in QC

Quantum computers do exist
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Quantum information processing (BME) / Quantum bits in solids (ELTE)

2016 Fall semester

Questions

András Pályi1

1Department of Physics, Budapest University of Technology and Economics, Hungary
(Dated: December 16, 2016)

The exam will consist of a written and an oral part. Section I below contains a few example exercises, similar
to those that will appear in the written part of the exam. In the oral part, I will ask about a specific topic that
was covered in the lectures; for example, describe electron-phonon interaction and its consequences with respect to
spin-qubit dynamics; or, describe how to control a spin qubit with electric fields, etc. In Section II below, a few
further questions are listed; similar to those can also show up during the oral part of the exam.

I. EXAMPLE QUESTIONS FOR THE WRITTEN PART OF THE EXAM

1. List the three Pauli matrices. Determine their eigenvalues and normalized eigenstates.

2. What is the unitary matrix representing the Hadamard gate? What is the result of the Hadamard gate acting

on the state

 
1

0

!
? What is the result of the Hadamard gate acting on the state 1p

2

 
1

1

!
?

3. What is the unitary matrix representing a two-qubit
p
SWAP gate in the basis |00i , |01i , |10i , |11i? What is

the result of the
p
SWAP gate acting on the state 1p

2
(|00i+ |10i)?

4. Determine the polarization vectors associated to the following three states:

 
1

0

!
, 1p

2

 
1

1

!
, 1p

2

 
1

i

!
.

5. Let H be an N -dimensional time independent Hamiltonian, with known energy eigenvalues E
n

and eigenstates
 
n

fulfilling H 
n

= E
n

 
n

. Assume that the system is initialized in the state  
i

at t = 0. Express the time
evolution of this state,  (t), using E

n

,  
n

and  
i

.

6. Consider the single-qubit state 1p
3
|0i+

q
2
3 |1i. When we measure the qubit, what is the probability of measuring

1? What is the state of the qubit after the measurement?

7. Consider the two-qubit state 1p
3
|00i+ 1p

3
|10i+ 1p

3
|01i. When we measure the first qubit, what is the probability

of measuring 0? And that of measuring 1? What is the state of the system after measuring 0? And after
measuring 1?

8. A quantum system is described by the time-dependent Hamiltonian H(t). Write out the time-dependent
Schrödinger equation. Perform a time-dependent unitary transformation U(t) on the time-dependent Schrödinger
equation. Express the quantity playing the role of the Hamiltonian in the transformed equation, using H(t)
and U(t).

9. Consider the Hamiltonian

H = H0 +H1, (1)

where

H0 =

✓
0 0
0 �

◆
andH1 =

✓
0 t
t 0

◆
, (2)

with 0 < t ⌧ �. Express the lower-energy eigenstate using first-order perturbation theory, and the lower energy
eigenvalue using second-order perturbation theory.

Exam: oral exam including a short written test

test question examples:



Classical bits, gates, circuits

OR can be built from NANDs:

Quantum Computing Architectures (v1)

Pályi András
Elméleti Fizika Tanszék, BME

(Dated: September 4, 2018)

I. EXERCISES, CONTROL QUESTIONS

1. List three areas where the performance of quantum computing could exceed that of classical computing.

2. List the three Pauli matrices.

3. Construct a classical circuit that adds two single-bit numbers, using only the NAND gate.

4. Construct a quantum circuit that adds two single-bit numbers.

Ebben a fájlban az előadás menetrendjét követve gyűjtöm össze az egyes témakörökhöz kapcsolódó gyakorló felada-
tokat. A fájl hétről-hétre frissülni fog az adott hét feladataival. A zárthelyiken ehhez hasonló feladatok várhatók.

II. CLASSICAL BITS

• the value of a c-bit is 0 or 1

• operations, gates: a c-logical gate maps n c-bits to m c-bits; e.g., NOT, AND, OR, XOR.

• single-bit gate: n = m = 1

• there is only one non-trivial single-bit gate: NOT

• two-bit gate: n = 2, m = 1, e.g., AND, OR, XOR

• c-gates are not necessarily reversible: e.g., any n > m gate is irreversible

• c-circuit : an arrangement of "wires" and gates

• universal gate set : a set of gates that allows to construct circuits for any algorithm

• exercise: construct a c-circuit that adds two single-bit numbers using only the NAND gate

III. QUANTUM BIT

1. quantum bit, qubit, q-bit, qbit : two-level quantum system

2. state of a qbit: | i = ↵0 |0i+ ↵1 |1i

3. ↵0, ↵1 are called amplitudes

4. normalization condition: |↵0|2 + |↵1|2 = 1

5. alternative notation: |0i ⌘
 

1

0

!
, |1i ⌘

 
0

1

!
, ↵0 |0i+ ↵1 |1i ⌘ ↵0

 
1

0

!
+ ↵1

 
0

1

!
=

 
↵0

↵1

!

6. realizations: electron spin, nuclear spins (e.g., H-1, C-13), superconducting circuits, etc.

truth tables



Quantum bits

Quantum Computing Architectures (v1)

Pályi András
Elméleti Fizika Tanszék, BME

(Dated: September 5, 2018)

I. EXERCISES, CONTROL QUESTIONS

1. List three areas where the performance of quantum computing could exceed that of classical computing.

2. List the three Pauli matrices.

3. Construct a classical circuit that adds two single-bit numbers, using only the NAND gate.

4. Construct a quantum circuit that adds two single-bit numbers.

Ebben a fájlban az előadás menetrendjét követve gyűjtöm össze az egyes témakörökhöz kapcsolódó gyakorló felada-
tokat. A fájl hétről-hétre frissülni fog az adott hét feladataival. A zárthelyiken ehhez hasonló feladatok várhatók.

II. CLASSICAL BITS

• the value of a c-bit is 0 or 1

• operations, gates: a c-logical gate maps n c-bits to m c-bits; e.g., NOT, AND, OR, XOR.

• single-bit gate: n = m = 1

• there is only one non-trivial single-bit gate: NOT

• two-bit gate: n = 2, m = 1, e.g., AND, OR, XOR

• c-gates are not necessarily reversible: e.g., any n > m gate is irreversible

• c-circuit : an arrangement of "wires" and gates

• universal gate set : a set of gates that allows to construct circuits for any algorithm

• exercise: construct a c-circuit that adds two single-bit numbers using only the NAND gate

III. QUANTUM BIT

1. quantum bit, qubit, q-bit, qbit : two-level quantum system

2. state of a qubit: | i = ↵0 |0i+ ↵1 |1i

3. ↵0, ↵1 are called amplitudes; they are complex numbers

4. |0i and |1i are the qubit basis states

5. normalization condition: |↵0|2 + |↵1|2 = 1

6. alternative notation (vector notation or spinor notation):

|0i ⌘
 

1

0

!
, |1i ⌘

 
0

1

!
, ↵0 |0i+ ↵1 |1i ⌘ ↵0

 
1

0

!
+ ↵1

 
0

1

!
=

 
↵0

↵1

!

7. realizations: electron spin, nuclear spins (e.g., H-1, C-13), superconducting circuits, etc.



Dynamics of a qubit
2

IV. DYNAMICS OF A QUANTUM BIT

1. time-dependent Schrodinger equation: ~
i

˙ (t) +H(t) (t) = 0.

2. for a qubit, H(t) is a 2x2 Hermitian matrix

3. Hamiltonian can be expressed with Pauli matrices

H(t) =
3X

j=0

c
j

(t)�
j

�0 =

✓
0 0

0 0

◆
, �

x

=

✓
0 1

1 0

◆
, �

y

=

✓
0 �i
i 0

◆
, �

z

=

✓
1 0

0 �1

◆
.

4. dynamics for a time-independent Hamiltonian:  (t) = exp

�
� i

~Ht
�
 (0) ⌘ U(t) (0)

5. U(t) is a unitary matrix, called the propagator

6. dynamics for a time-dependent Hamiltonian is also unitary:  (t) = T exp

⇣
� i

~
R
t

0 dt0H(t0)
⌘
 (0) ⌘ U(t) (0)



Measurement (`readout’) of a qubit

2

IV. DYNAMICS OF A QUANTUM BIT

1. time-dependent Schrodinger equation: ~
i

˙ (t) +H(t) (t) = 0.

2. for a qubit, H(t) is a 2x2 Hermitian matrix

3. Hamiltonian can be expressed with Pauli matrices

H(t) =
3X

j=0

c
j

(t)�
j

�0 =

✓
0 0

0 0

◆
, �

x

=

✓
0 1

1 0

◆
, �

y

=

✓
0 �i
i 0

◆
, �

z

=

✓
1 0

0 �1

◆
.

4. dynamics for a time-independent Hamiltonian:  (t) = exp

�
� i

~Ht
�
 (0) ⌘ U(t) (0)

5. U(t) is a unitary matrix, called the propagator

6. dynamics for a time-dependent Hamiltonian is also unitary:  (t) = T exp

⇣
� i

~
R
t

0 dt0H(t0)
⌘
 (0) ⌘ U(t) (0)

V. MEASUREMENT OF A QUBIT

1. | i = ↵0 |0i+ ↵1 |1i

2. the probability of measuring 0 is P0 = |↵0|2

3. the probability of measuring 1 is P1 = |↵1|2 = 1� P0

4. if the outcome of the measurement is 0, then the state changes to |0i

5. if the outcome of the measurement is 1, then the state changes to |1i

VI. GEOMETRICAL REPRESENTATION OF A QUBIT: THE BLOCH SPHERE

1. we can parametrize the qubit state with three angles, �, ✓, �:

| i = ↵0 |0i+ ↵1 |1i = ei�(cos
✓

2

|0i+ ei' sin

✓

2

|1i

2. angle � has no physical significance

3. the qubit state can be mapped to the surface of a unit sphere (Bloch sphere):

| i 7! (✓,�) 7! n =

�
sin ✓ cos�, sin ✓ sin�, cos ✓

�

4. another mapping, seemingly different, but actually identical to n:

p = h |�| i ,

where � = (�
x

,�
y

,�
z

).

5. n ⌘ p is called the Bloch vector or the polarization vector of the qubit



Geometrical representation of a qubit: the Bloch sphere
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More qubits
3

VII. MORE QUBITS

1. states of two qubits: | i = ↵00 |00i+ ↵01 |01i+ ↵10 |10i+ ↵11 |11i

2. normalization condition:
P

x2{0,1}2 |↵
x

|2 = 1

3. a single-qubit state can be represented on the Bloch sphere; does not work for multiple-qubit states

4. measurement of one qubit: e.g., of the first one: P0 = |↵00|2 + |↵01|2, and the post-measurement state after
measuring 0 is

| pmi = ↵00 |00i+ ↵01 |01ip
P0

5. example for a two-qubit product state:

| i = 1

2

|00i+ 1

2

|01i+ 1

2

|10i+ 1

2

|11i = |0i+ |1ip
2

⌦ |0i+ |1ip
2

6. example for a two-qubit entangled state:

| i = |00i+ |11ip
2

7. the state of n qubits is described by 2

n amplitudes

VIII. 1-QUBIT QUANTUM GATES

1. q-circuit: an arrangement of "wires" and quantum gates

2. q-gates: unitary operations on a few qubits (reversible, unlike c-gates)

3. 1-qubit gate example: q-NOT (usually called the X gate):

| 1i = ↵ |0i+ � |1i 7! | 2i = ↵ |1i+ � |0i

matrix representation of this gate: X ⌘ �
x

=

✓
0 1

1 0

◆

4. further 1-qubit gate examples:

Z gate: Z = �
z

=

✓
1 0

0 �1

◆

Hadamard gate: H =

1p
2

✓
1 1

1 �1

◆

5. each 1-qubit gate generates a bijective map of the Bloch sphere to itself

6. exercise: determine the transformations generated by 1-qubit gates listed above
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5. example for an entangled two-qubit state:

| i = |00i+ |11ip
2

6. the state of n qubits is described by 2

n amplitudes

VIII. 1-QUBIT QUANTUM GATES

1. q-circuit: an arrangement of "wires" and quantum gates

2. q-gates: unitary operations on a few qubits (reversible, unlike c-gates)

3. 1-qubit gate example: q-NOT (usually called the X gate):

| 1i = ↵ |0i+ � |1i 7! | 2i = ↵ |1i+ � |0i

matrix representation of this gate: X ⌘ �
x

=

✓
0 1

1 0

◆

4. further 1-qubit gate examples:

Z gate: Z = �
z

=

✓
1 0

0 �1

◆

Hadamard gate: H =

1p
2

✓
1 1

1 �1

◆

5. each 1-qubit gate generates a bijective map of the Bloch sphere to itself

6. exercise: determine the transformations generated by 1-qubit gates listed above

1-qubit quantum gates

c-circuit

q-circuit
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IX. 2-QUBIT QUANTUM GATES

1. 2-qubit gate example: controlled-NOT or CNOT
with the basis-state ordering |00i, |01i, |10i, |11i, it is represented by

UCNOT =

0

B@

1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

1

CA

it could be represented by a ‘classical’ truth table

2. 2-qubit gate example:
p

SWAP:

Up
SWAP =

0

BB@

1 0 0 0

0

1�i

2
1+i

2 0

0

1+i

2
1�i

2 0

0 0 0 1

1

CCA

cannot be represented by a classical truth table

3. 1-qubit gates together with CNOT form a unversal q-gate set

4. 1-qubit gates together with
p

SWAP form a universal q-gate set

2-qubit quantum gates
control bit

target bit



Deutsch’s problem
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IX. 2-QUBIT QUANTUM GATES

1. 2-qubit gate example: controlled-NOT or CNOT
with the basis-state ordering |00i, |01i, |10i, |11i, it is represented by

UCNOT =

0

B@

1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

1

CA

it could be represented by a ‘classical’ truth table

2. 2-qubit gate example:
p

SWAP:

Up
SWAP =

0

BB@

1 0 0 0

0

1�i

2
1+i

2 0

0

1+i

2
1�i

2 0

0 0 0 1

1

CCA

cannot be represented by a classical truth table

3. 1-qubit gates together with CNOT form a unversal q-gate set

4. 1-qubit gates together with
p

SWAP form a universal q-gate set

X. DEUTSCH-ALGORITHM

1. A simple oracle problem: f : {0, 1} ! {0, 1} is an unknown function; i.e., it is one of the following 4 functions:

constant (value = 1) constant (value = 0)
0!1 0! 0
1!1 1! 0

balanced (NOT) balanced (id.)
0!1 0! 0
1!0 1! 1

2. task: figure out, by evaluating f a few times, whether f is constant or balanced

3. solution: one has to evaluate f twice, for input 0 and for input 1, and the results will tell if f is constant or
balanced

4. a single evaluation of f is not sufficient to complete the task



A quantum version of Deutsch’s problem

✓
x
y

◆
W

f��!
✓

x
y � f(x)

◆

Wf az f -et reprezentáló függvény, melynek az igazságtáblázata:

f = 0 f = 1
00 ! 00 00 ! 01
01 ! 01 01 ! 00
10 ! 10 10 ! 11
11 ! 11 11 ! 10

f = id. f = NOT
00 ! 00 00 ! 01
01 ! 01 01 ! 00
10 ! 11 10 ! 10
11 ! 10 11 ! 11

Az már egy bijekt́ıv leképzés, ezért ezt lehet implementálni. 1 input kiértékelésével itt
sem lehet megmondani klasszikusan, hogy f konstans vagy kiegyensúlyozott. Nézzük a
kvantumalgoritmust mely Wf egyszeri megh́ıvása után el tudja dönteni a kérdést: ahol

0

1

H

H

wf
x

y

x

y f(x)

H
Mérés

1.1. ábra. Deutsch algoritmus

H a Hadamard-kapu. Két kvantumbitet küldünk be, és a végén a felső biten végezzük a
mérést. Ha a mérés eredménye: 0 ! f konstans, ha 1 ! f kiegyensúlyozott.

H |0i = H

✓
1
0

◆
=

1p
2

✓
1 1
1 �1

◆✓
1
0

◆
=

1p
2

✓
1
1

◆
=

1p
2

� |0i+ |1i � (1.26)

H |1i = H

✓
0
1

◆
=

1p
2

✓
1 1
1 �1

◆✓
0
1

◆
=

1p
2

✓
1
�1

◆
=

1p
2

� |0i � |1i � (1.27)

 1 =
1

2

� |00i � |01i+ |10i � |11i � (1.28)
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XI. A QUANTUM VERSION

1. f is not necessarily bijective/unitary; how to implement it in a quantum-mechanical (unitary) fashion?

2. one way to make it unitary is to use an auxiliary qubit y:
 
x

y

!
Wf��!

 
x

y � f(x)

!

where � is the classical XOR

3. W
f

is the unitary version of f , with truth table as follows:
f = 0 f = 1

00 ! 00 00 ! 01

01 ! 01 01 ! 00

10 ! 10 10 ! 11

11 ! 11 11 ! 10

f = id. f = NOT

00 ! 00 00 ! 01

01 ! 01 01 ! 00

10 ! 11 10 ! 10

11 ! 10 11 ! 11

4. claim: the Deutsch algorithm decides whether f is constant or balanced by a single evaluation of W
f

5. if the measurement outcome for the upper qubit is 0, then f is constant, otherwise f is balanced

6. exercise: prove this

XII. AN EXTENDED VERSION

1. the unknown function is f : {0, 1}n ! {0, 1}, where n is even

2. we do not know f , but we know that it is either constant or balanced

3. task: determine whether f is constant or balanced, with the least possible evaluations of f

4. classically, the number of evaluations seems to scale exponentially with n

5. for example, it takes 2

n�1
+ 1 evaluations to find out the answer in the worst case

6. in the quantum version, the Deutsch-Jozsa algorithm performs the task with a single evaluation

7. if all measurement outcomes are zero, then f is constant, otherwise f is balanced



A generalization of Deutsch’s problem

1.3. Deutsch-Jozsa algoritmus

Az algoritmus a Deutsch algoritmusban szereplő feladat általánośıtására (f n változós
függvény esetén) ad olyan megoldást, amikor az f függvényt reprezentáló Wf -et csak
egyszer kell megh́ıvni a kérdés eldöntéséhez. A feladat a következő: Adott egy ismeret-
len f : {0, 1}N ! {0, 1} függvény, ami vagy kiegyensúlyozott vagy konstans. Klasszikus
algoritmus esetén 2N�1 + 1-szer kell megh́ıvni a függvényt, ami exponenciálisan nő a
probléma méretével. A Deutsch-Jozsa kvantumalgoritmus tetszőleges méretű probléma
esetén 1 lépésben megválaszolja a kérdést. Ehhez reprezentálni kell f -et egy Wf függ-
vénnyel ami már invertálható. Ehhez N +1 darab qbitre van szükség, és a Wf függvény
ami ezt megvalóśıtja: 0

BBBBB@

x1

x2
...
xN

y

1

CCCCCA

W
f��!

0

BBBBB@

x1

x2
...
xN

y � f(x1, x2 · · · xN)

1

CCCCCA

N + 1 bitet küldünk be az algoritmusba, és a végén az első N bitet mérjük. Ha minden
mérés 0-t ad eredményül akkor f konstans, egyébként f kiegyensúlyozott. Az algoritmus
vázlata ami elvégzi a feladatot:

1.2. ábra. Deutsch-Jozsa algoritmus
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