Classical electrodynamics 2

Class 2

Class 2 - Laplace equation in cylindrical and polar coordinates

Class material

Exercise 2.1 - Cylinder with potential on the cover

We consider a metal cylinder with R radii and h height. For the top cover of the cylinder we pot V| potential

and for all the other sides V' = 0 potential. What is the electric potential inside the cylinder?

(a) Write the Laplace equation and the boundary conditions for the potential!

(b) Write the Laplace equation in cylindrical coordinates for the case of rotation symmetry around the z axis!

(c) Determine the expansion coefficients from the boundary conditions!

Exercise 2.2 - Cylinder with alternating potential on the shield

On the shield of an infinite cylinder we fixed the potential as shown on Fig.1.
What is the electric potential in the whole space? Vo

(a) Write the Laplace equation and the corresponding boundary condi-

tions! '
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(b) Give the general solution in 2 dimensional polar coordinates with the
usage of the translation symmetry in the z direction!

(c) Determine the expansion coefficients from the boundary conditions!

Figure 1

Exercise 2.3 - Semi-infinite cylinder with potential on the bottom cover

Given a semi-infinite metal cylinder wall along the +z axis with radii a. We
close the bottom of the cylinder with a metal circle, then we insulate it from
the walls and we put on it Vj potential while we ground the walls.

(a) Give the ®(7) electrostatic potential inside the cylinder!

(b) Calculate the E electric field inside the cylinder at the centre of the
base circle (at the z = 0+)!

Y
7
Figure 2
Exercise 2.4 - Semi-spheres on different potential with a
grounded sphere inside 5
A
We take a sphere shell with radii b and we cut it in half and insulate the two Iy
semi-spheres, then we put =V, potential to the two parts. Inside the sphere 0
we put an other metal sphere with radii ¢ < b and we ground it (V=0). b
What is the ®(7) potential function between the two spheres?
a
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Figure 3
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Homework

The following problems (marked with an asterisk) form the basis of the short
test at the beginning of the next class.

Exercise 2.5 - Infinite cylinder*

Given an infinite metal cylinder wall along the +2z axis with radii a. We cut the cylinder with the z = 0 plane
and insulate the two parts from eachother and we put on them +V}, potential, see Fig.4.

(a) Give the ®(7) electrostatic potential inside the cylinder!
(b) Calculate the E electric field at the origin up to first order!

Hint: |
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Exercise 2.6 - Finite cylinder*

Consider the previous exercise in the finite case, when we close the cylinder A -
at +b with metal cyrcles what we solder to the cylinder, what means they -
are going to be on the same potential, see Fig.4.

(a) Give the ®(7) electrostatic potential inside the cylinder! Vs

(b) Calculate the E electric field along the z axis inside the cylinder! . 1y

......

Exercise 2.7 - Circular segment with potential on the Figure 4
arc*

Consider a 2 dimensionsal circular segment with subtense ¢o. We fix the Y,
potential on V' = 0 on the bounding radii and on V(¢) = V; on the arc as

shown on Fig.5. What are the electric potential and the electric field inside
the circular segment?

(a) Write the Laplace equation and the corresponding boundary condi- V=0 V(o) =Vo
tions!

(b) Give the general solution in 2 dimensional polar coordinates! ,

(c) Determine the expansion coefficients from the boundary conditions!
Figure 5
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These problems are for further practice and to have some fun!

Exercise 2.8 - Integral form of exact solution in polar coordinates (Jackson 2.12)

Starting with the series solution

D(p, ) =ap+bylnp+ Z anp" sin(ng + ay,) + Z bpp~ " sin(ng + B,)

n=1 n=1

for two-dimensional potential problem with the potential specified on the surface of the cylinder of radius b,
evaluate the coefficients formally, substitute them into the series, and sum it to obtain the potential inside the
cylinder in the form of Poisson’s intergal:

IR L v /
®(p,¢) = %/0 o(b. ¢ )b2 + p2 — 2bpcos(¢’ — @) a0

What modification is necessary if the potential is desired in the region of space bounded by the cylinder and

infinity?

Exercise 2.9 - Infinitely long cylinder cut in two halves along length (Jackson 2.13)

(a) Two halves of a lond hollow conducting cylinder of inner radius b are separated by small lengthwise gaps
on each side, and are kept at different potentials V; and V5. Show that the potential inside is given by

VitVe Vi—Vo. _, [ 2bp
@(p,gb): 12 2+ 1’/T Qtan 1(l)2p2008¢)

where ¢ is measured from a plane perpendicular to the plane through the gap.

(b) Calculate the surface-charge density on each half of the cylinder.

Exercise 2.10 - Infinitely long cylinder with four segments along length at alternat-
ing potentials(Jackson 2.14)

A variant of the preceding two-dimensional problem is a long hollow conducting cylinder of radius b that is
divided into equal quarters, alternate segments being held at potential +V and —V.

(a) Solve by means of the series solutions and show that the potential inside the cylinder is

o0

4V 4n+2 gin[(4n + 2
200 = T3 (5)" G

n=a
(b) Sum the series and show that

2V 1 (2p%b?sin2¢
® === B

(c) Sketch the field lines and equipotentials.

Exercise 2.11 - Finite cylinder cut in half along length (Jackson 3.9+3.10)

A hollow right circular cylinder of radius b has its axius coincident with the z axis and its ends at z = 0 and
z = L. The potential on the end faces is zero, while the potential on the cylindrical surface is given as V (¢, z).
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(a) Using the appropriate separation of variables in cylindrical coordinates, find the series solution for the
potential anywhere inside the cylinder. Consider the following potential:

- V if —w/2<¢<m/2
V(6,2) = { Vi w/2< ¢ < 3n/2
(b) Find the potential inside the cylinder.

(c) Assuming L > b, consider the potential at z = L/2 as a function of p and ¢ polar coordinates and compare
it with the two-dimensional problem in Exercise 2.9.
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