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Resonance in a series RLC circuit

THEORY
1. Alternating current and voltage
An alternating current (AC) is an electrical current where the magnitude and direction of the
current varies cyclically, so as the time average is zero (as opposed to direct current (DC), where
the direction of the current stays constant). The usual waveform of an AC power circuit is a sine
wave. (However, in certain applications different waveforms are used, such as triangular or
square waves.)
The generators in the power plants produce sinusoidal voltages. The current flowing through the
electric appliances using AC power supply is also sinusoidal. The AC voltages and currents are
characterized by their

—frequency f[Hz], or angular frequency w =2nrf=2n/T [s7}],

—amplitude Up [V] and o [A], respectively, and

—phase constant @u and ¢ [-], respectively:

U(t) = Uocos(wt + @u) and  I(t) =lo cos(wt + ¢)) .

The voltage and the current are not necessarily in-phase, there can be some phase difference
A = @u— @ between them (v is first). Choosing the phase constant of the current zero, the
time dependence of the current and voltage in an AC circuit can be written as

I(t) =locos(wt) and  U(t) = Up cos(wt + Ag) .

2. Resistor in an AC circuit
Ohm'’s Law is valid for the time-dependent voltage and current so
Ur(t) = R I(t) . (1)

green: I(t),

Across a resistor the voltage and the current are in-phase (Ag = 0),
and for the amplitudes holds Ugo / Iro = R.

3. Capacitor in an AC circuit
The voltage across the capacitor is proportional to the charge Q accumulated on its plates:

1
Uc(t) = c Q(t) where C is the capacitance in Farad [F].

dQ(t
As the current is the derivative of the charge I(t) = %,

so the integral of the current is proportional to the voltage:
1
UdU=EfK0dt
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In case of a sinusoidal current I(t) = lo cos(wt) the voltage is

Uc(t) = %f lco cos(wt) dt=& Ico sin(wt) =& lco cos(wt — g) .

There will be a phase shift between the voltage and the current: Agp =-1/2,
d Uo=—lco, ie. —L=— )
an co= oC co, l.e. o = oC

green: I(t), blue: Uc(t)

Across a capacitor the phase difference is Ag@ =—m/2 (the voltage is delayed),

1
and for the amplitudes holds Uco / Ico = o

4. Inductor in an AC circuit

In case of a time-dependent current a strong magnetic field is generated inside the coil due to
Ampere's Law, and due to the time-varying magnetic field inside the coil a voltage is induced,
according to Faraday's Law of electromagnetic induction (which by Lenz's Law opposes the change
in current that created it). So the voltage across the coil is proportional to the derivative of the
current flowing through it:

di(t
Ul(t)=L % where L is the inductance in Henry [H].
In case of a sinusoidal current I(t) = lo cos(wt) the voltage is
Ui(t) =L w= —Lw lgsin(wt) =Lw Iy cos(wt +§) .

There will be a phase shift between the voltage and the current: Ag = +m1/2 ,
U

and Uwp=Llw lyo, i.e. I—LO =lw. (3)
LO

green: I(t), red: Uy(t)

Across a coil the phase difference is A = +11/2 (the current is delayed),
and for the amplitudes holds Ui/ lo = wL.


http://en.wikipedia.org/wiki/Ampere%27s_Law
http://en.wikipedia.org/wiki/Faraday%27s_law_of_induction
http://en.wikipedia.org/wiki/Lenz%27s_Law
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5. Using complex quantities for AC circuits
Instead of using the sine and cosine functions, it is simpler to treat AC circuits if we represent
AC currents and voltages by complex quantities:

T=lpewti =1 cos(wt) + lp sin(wt) i,

U = Ug elwt+20)i = Y, cos(wt + Ap) + Up sin(wt + Ag) i .

The real time-dependent current or voltage is obtained as the real part of the complex form.

The ratio of the real time-dependent voltage and current would change with time in an AC circuit,
but it is constant in the complex representation. The ratio of the complex voltage to the complex
current is called complex impedance and denoted by Z=7e®':
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The magnitude of the complex impedance

= U
Z=17]==
lo
is equal to the ratio of the amplitude of the voltage to the amplitude of the current, and

the phase of the complex impedance ¢
is equal to the phase difference between voltage and current,

¢=0p=Qu—:.
6. Complex impedance of resistors, capacitors and inductors Im(Z)
The impedance of a resistor is equal to the resistance: Zgz=R. (4) Z.1
There is no phase difference between the voltage and the current. Re(7 )
e
. . 1 1. 7
The impedance of a capacitoris Z; = o o i. (5) R
The voltage of a capacitor lags behind the current by /2.
- zc
The impedance of an inductor is 7, = wL . (6) Y
The voltage of an inductor leads the current by /2.

7. Resultant impedance
Making a two-pole by connecting resistors, capacitors and inductors in any way, it can be replaced
by a resultant impedance. Though the impedance of the constructing elements is either real or
imaginary, the resultant impedance in a general case has a
both a real and an imaginary part: Z=R+Xi. Im
We call the real part “resistance”, R ; X
and the imaginary part “reactance”, X.

The magnitude Z and phase ¢ of the impedance are related

to R and X as follows: o

N>

X »
Z=+VR*+X?, and tang = R Re
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The resultant impedance is calculated similarly to the resultant resistance:

in a series connNection Z,eg series = 21 + Z + ..

’

. . 1 1
in a parallel connection -——=—+
res, parallel Z1

+ ...

N
=

According to the resultant complex impedance the real AC voltage and current are related so that
— the ratio of the amplitudes (or rms or effective values) of the voltage to the current is given
by the magnitude of the impedance, and
— the phase difference between the voltage and the current is equal to the phase of the
impedance.

The AC power dissipated on an impedance is

P = Urms lrms COS® = Z lrms? COSQ .
On an inductor or capacitor, the phase is ¢ =+ /2, and the power is zero.
Only the resistors dissipate power.

In the following we shall focus on the simplest possible circuit, the series RLC circuit.

8. Series RLC circuit R L C

The complex impedance of a series RLC circuit
at angular frequency o is

= 5 5 = .1 1Y .
ZRLC-ZR+ZL+ZC-R+wL|—wC|—R+(wL—E)|. (7)
ZL A
P2 E— 2 e
A
_ o LR i
" Zirc )
Zc ¥
A 4
o LiRe Zc
7. ¥
w1 Wo w2
Complex impedance of a capacitor, and their resultant

as the angular frequency increases, w1 < wWo < W;.
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The magnitude of the impedance depends on
the angular frequency:

As we know, the magnitude of the complex impedance is equal to the ratio of the amplitude of the
voltage to that of the current, or — instead of the amplitude — the rms or effective values can be
also used:

Uoric _ Urmsric  UeffRLC

(9)

Zric = |Zpicl =
I0 Irms |eff

In a series RLC circuit

U 2
L’RLC=\/R2+ (wL—iC) . (10)

Irms w

The magnitude of the impedance takes its minimal value at w = wo when

1

1
wolL =— - Wo=—F7—.
0 woC 0 \/L_C

The frequency where this holds is called the resonant frequency fo of the RLC circuit:

1
fo= P vic Thomson’s formula (11)
At the resonant frequency Zric(fo) = R. (12)

Driving the RLC circuit with a constant-rms value AC voltage (Urmsric = const.) and increasing the
angular frequency, the current will increase first, reach a maximum and then decrease, according
to the function

u
lrms = Lﬂclz . (13)
2
R” + (wL—E)
. . Urms,RLC
The maximum currentis Ims=——— at the resonant frequency fo. (14)

Such a resonance curve is shown in the next figure.
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Here Urms =40V.

What data of the circuit can be obtained from such a resonant curve? We can read
» the maximum current Imax; here Imax=40 mA ;
» the resonant frequency fo; here fo = 159 Hz;

|
» fi1and f,, the frequencies where the current is m—? ; here f; =151 Hz, f, = 168 Hz.

From these data we can get

r

U
> the resistance: R=—=; here R=4.0/40-103=100Q;

rms

f
» the so-called quality factor: Q= Of ; (15)
2711
here Q=159/(168-151)=9.353.
The Q quality factor characterizes the sharpness of the resonance. It can be also calculated as
Q=% | Q=2t Q=— (16)
“Ryc ' "R O " woCR

as it is equal to the voltage across a reactive element at the resonant frequency divided by the
voltage across the whole circuit at the resonant frequency.

One possibility to calculate the inductance L and the capacitance Cis to use these formulas and
substitute the values of R, Q and wo = 27tfo:

R
here L= —2 - 0.9359H, and C=

=1.070 pF.
2nf 2nfyQR

1
Note that one of them could be also calculated from the resonant frequency as LC = m .
TtTp

L and C can be also calculated by measuring the current, and the voltage separately across the
inductor and the coil, and use the formulas of the impedances.
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MEASUREMENT

Tools:

Inductor *~ T~ & Capacitor A

The inductor — a solenoid equipped with an iron core — has its
own resistance in addition to the inductance. It is considered
as an ideal inductor and a resistor connected in series.

On the left: ammeter. Voltmeter
On the right: AC generator with cable.

y
1

frequency

amplitude
control

frequency frequency
fine regulator range

AC generator
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1. Resonance curve

Utrce

» Set up the series RLC circuit using the capacitor and inductor.
Connect the circuit to the AC generator through the ammeter.

» Connect the voltmeter to measure the voltage Uirc across the RLC circuit, i.e. across the
capacitor and inductor.

» Switch on the generator and the meters, and without regulating the voltage find the
approximate frequency where the current is maximal.

» Keeping the voltage constant, find the frequency where the current is maximal: this is the
resonant frequency fo.

» Measure the current 1, 2, 5, 10, 20, 30, ... Hz away from the resonant frequency till the current

drops about to half of the maximum value.

EVALUATION

» Plot the I(f) curve.

» Read the resonant frequency fo from the curve.

» Calculate the ohmic resistance of the inductor as
R = Ugen / Imax .

|
> Read the frequencies f1 and f, where the current is —=, and calculate the quality factor as

\/EI
Q="fo/ (f2—f1).
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2. Vector diagrams

» Set the resonant frequency fo and read the current and the voltage across the whole circuit Uigc .
» Disconnect the voltmeter and connect it to measure the voltage across the capacitor Uc:

Uc

I—L—'—WWWWWW"—‘

C LR

» Disconnect the voltmeter and connect it to measure the voltage across the inductor U :

ULR

YYYYYYYYYYYY
C L, R

s {se—

» Repeat this measurement at the frequencies 0.9f, and 1.1f,.

EVALUATION

2A. The inductance L and the capacitance C can be calculated from the measured current and
voltages. After calculating these values, we check that our measurements and calculations were
correct by calculating fo and Q again, and comparing it to the values obtained in task 1.

The following calculations can be performed with the data sets measured at any of the three
frequencies (0.9fo or fp or 1.1fp).

» Calculate the angular frequency w = 2mtf.

u 1
» Calculate the capacitance from the relation TC =Zc= e
w

U
» Calculate the inductance from the relation % = Zir =/ R%+(wL)2. Use the value of R that was
calculated in task 1.
» Calculate the resonant frequency using the Thompson formula (11) and compare it with the

measured value.
» Calculate the quality factor using the formula

1 L
Q= R \/; and compare it with the value obtained from the I(f) curve.
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2B. Construct the vector diagrams for the complex voltages at the angular frequencies measured:

0.9fy, fo,and 1.1fp.
This is how they should look like:

Uc

0.9 fo

(The diagrams are not proportional.)

Uc‘f

¥

# Utre

fo

/7 ULrc

Uc

1.1fo

We know that Uc + Ur = Uire . The difficulty is that only the length of these vectors was measured.

We know that Uc points downwards as the capacitor is ideal, but we do not know the direction of

Uik and Uirc because we do not know their phase. So the vector diagrams can be constructed by

first constructing the lower triangle of the parallelogram using a compass.

First draw Uc, then draw an arc around the origin with a radius of Uirc and another arc around the

tip of Uc with a radius of Uir . This way you get the tip of Uirc . Urr is obtained by shifting the other

edge to the origin. Please add a proper scalein ...V / cm.

10
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ENTRANCE TEST

Describe the measurements: tools, instructions, quantities measured and calculated, formulas.

True or false? Justify your answer.

In a series LRC circuit
» the voltage across the inductor lags the current;
» the voltage across the capacitor lags the current;
» the voltage across the inductor leads the voltage across the capacitor;
» the voltage across the inductor lags the voltage across the capacitor;
» the generator voltage leads the voltage across the capacitor;
» the generator voltage leads the voltage across the inductor.
In a series LRC circuit at the resonant frequency
» the resultant impedance is minimal;
» the resultant impedance is maximal;
» the impedance of the capacitor is minimal;
» the impedance of the inductor is minimal;
» the current is minimal if Ugen = const.;
» the current is maximal if Ugen = const.;
» the voltage across the capacitor can be larger than the generator voltage;
» the voltage across the inductor can be larger than the generator voltage;
» the voltage across the resistor can be larger than the generator voltage;
» the voltage across the capacitor can be larger than the voltage across the ideal inductor.

Problems

1. We set up a series RLC circuit using a real inductor that has both an inductance and a resistance,
and a capacitor, and connect it to an AC generator. L=0.5H; R=480Q; C=200nF; Ugen=7.0V.
a) Calculate the current at f = 600 Hz.

b) Calculate the voltage across the capacitor at f = 600 Hz.

c) Calculate the voltage across the real inductor at f = 600 Hz.

d) Determine the resonant frequency of the circuit.

e) Calculate the current at the resonant frequency.

f) Calculate the voltage across the capacitor at the resonant frequency.

g) Calculate the voltage across the real inductor at the resonant frequency.

h) Determine the quality factor of the circuit.

11
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Solution

a) Ugen=Uwrc=1Zirc  —> 1= Ugen/ Zirc.

1

2
—_9) =736.6Q,
21-600-200-10

Zire :JRZ + (wL - i)z =\/4802 + (21T £ 600 - 0.5 —

| = Ugen/ Zirc = 7.0 / 736.6 = 0.009504 A = 9.504 mA .

5 1 . 1
b)Uc=12Zc, Zc= |ZC|=|_EI|= (D_C

1

= 2m600-200-10~2 =1885Q,

Zc

Uc=0.009504 - 1885 =17.91 V.

)Ur=1Zr, Zr=|Zr]|=|R+wlLi|=y/R%2+ (wL)2.

Zir = /4802 + (2 600 - 0.5)2 = 1945 Q,

Ur = 0.009504 - 1945 =18.49 V.
Note that both Uc>Uwre and Ui > Ure, and Uc + Ur # Urre .

d) Thomson’ formula
; 1 1
0 = = =
2nvLC 2mv0.5:200:107°

e) At the resonant frequency Zrc(fo) = R=480 Q,

503.3 Hz.

I(fo) = Uwre / R=7.0/480=0.01458 A= 14.58 mA (this is the maximal current in this circuit)

1
2m-503.3-200-10~°

Uc =0.009504 - 1581 = 23.06 V.

f) Zc=

=1581Q,

g) Zir=+/4802 + (2m- 503.3 - 0.5)2 = V4802 + 15812 = 1652 Q,
Uik = 0.009504 - 1652 = 24.10 V.

Note that both Uc>Uwre and Ur>Ukre, and Uc+ U # Urre .

h)Q—l Lot % 350
TR AJC 480 /200107

2. We set up a series RLC circuit using a real inductor that has an inductance L=2.5 H and a resistance
R = 250 Q, and a capacitor with unknown capacitance, and connect it to an AC generator. The
resonant frequency of the circuit is fo = 318 Hz.

a) Determine the unknown capacitance.

b) Calculate the ratio Ugen / Uc at the resonant frequency.

12
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Solution

a) Thomson’ formula:

1 1 1
- C= =
21 VLC (2mfy)2 L (2m318)2-2.5

b) Ugen / Uc = Uirc / Uc = (1 Zirc) / (1 Zc) = Zirc / Zc

Zc=1/(2nfC), and at the resonant frequency Zrc(fo) =R, so

=1.002-107 F = 100.2 nF .

Ugen(fo) / Uc(fo) = R / {1/(2tfo C)} = R - (2rtfo C) = 250 - (2r-318 - 1.002-1077) = 0.05005 = 5.005% ,

i.e. Ugen << UC !

3. The effective value of the current was measured in a |

series RLC circuit while increasing the angular frequency. Imax= 50,9 mA

The generator voltage was constant, Ueffgen = 45.81 V. [ =36 mA

The current is maximal at wo = 2000 1/s: leffmax = 50.9 mA.
We also know that at w1 = 2020 1/s the measured current
is leff,1 = 36.0 mA.

Determine the resistance R, the inductance L and the

. 2000is 2020fs
capacitance C.

Solution

The resultant impedance Uesr/ leff = Z is a function of the angular frequency:

Z(w) :\/RZ + (ooL — i)2 :

wC

The resonant angular frequency is wo = 2000 1/s.
At this frequency

Z(wo) =R, i.e.  Uefr/ lef,max = R.
Substitution:

R=45.81V/50.9:103A =900 Q.

We can also write that

1 1
(.UoL—w—OC. 2000 L_ZOOOC'

Furthermore, the resultant impedance can be calculated at w; = 2020 1/s:
Z(w1) = Uesf / lefr1 = 45.81V /36.0-103A=1272.50Q,

SO

13



Z(w1) =JR2 + (L - mic)z . 1272.5= \/9002 +(2020 L - — )2.

1 2020 C

The solution of the equation system

1
2000 C

2000 L=

1 2
1272.5= (9002 + (2020 L— )
2020 C

gives L=22.60H and C=1.106-10%F=11.06 nF.

4. We set up a series RLC circuit using a real inductor that has both an inductance
and a resistance, and a capacitor, and connect it to an AC generator. The angular
frequency is set to w = 5000 1/s, and the current to | =5 mA. We measured the
voltage across the real inductor Uig, across the capacitor Uc, and the generator
voltage Ugen = Urrc, and constructed the vector diagram on the complex plane.
a) Determine the resistance R, the inductance L and the capacitance C.

b) Determine the resonant frequency and the quality factor of the circuit.

Solution

a) The complex voltages can be read from the vector diagram:
Uc=-30i [V]
Ur=20+40i[V]

The currentis I =5 mA =0.005 A, so the complex impedances are
Zc=Uc/1=-30i/0.005=-6000i[Q]
Zir=Ur /1= (20 +401i)/0.005 = 4000 + 8000 i [Q]

We know that

Fe=— =—L . _6000i=- i - C=3.333-108F=33.33nF;
wCi wC 5000 C
Fr=R+wli: 4000 +8000i=R+5000Li — R=40000Q, L=1.6H.

14
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b) Thomson’s formula:

1 1

" 2nVILC 2mV1.63.33310°8
Quality factor:

1 L1 , 1.6
Q= R \/; ~ 4000 4/3.333-1078 1.732.

=689.2 Hz.

fo
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5. We set up a series RLC circuit using a real inductor that has both an inductance and a resistance,

and a capacitor, and connect it to an AC generator. At the resonant frequency we measured the

generator voltage: Ugen = Uirc = 4.8 V, and the voltage across the capacitor:

Uc = 3.6 V. Determine the voltage across the real inductor Ugr.

Solution

Let us write the voltages in complex form.

We know that the capacitor voltage is a negative imaginary value: Uc=-3.6i [V].

At the resonant frequency Zirc(fo) = R, this means that the imaginary part of
the generator voltage is zero, Uirc=4.8 V.

Utrc = Uc + Urr -

Ur=Urc—Uc=4.8-(-3.61)=4.8+3.6i [VI.
The measured quantity is the absolute value of the complex voltage:

|Uk | =V4.82 + 3.62=6V.

Note that Uir = Uire — Uc = 4.8-3.6 = 1.2 V is not true because of the phase

shift! The measured values are the effective values, proportional to the

U

Uc

amplitudes, but the maximum values of the time-dependent voltages are shifted and so the

amplitudes do not add up.

15



