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Interaction between light and matter in quantum mechanics

Semi-classical approach in linear optics:
• electrons are described by quantum mechanics 
• electromagnetic field is classical (not quantized)

Electromagnetic potentials:

The other two equations:
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'Gauge freedom
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Following equations are 
satisfied by definition:
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Dynamic potentials in the long wavelength limit

In the long wavelength limit, λ>>a:

Statment 1.: The following expansion of the potentials describes the fields in the 
long wavelength limit

Proof:
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Dynamic potentials in the long wavelength limit

In the long wavelength limit, λ>>a:

Statment 1.: The following expansion of the potentials describes the fields in the 
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Proof:
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Dynamic potentials in the long wavelength limit

In the long wavelength limit, λ>>a:

Statment 2.: This expansion satisfies                       (Coulomb gauge)

Proof:

0 A

anti-symmetric symmetric
In the Coulomb gauge   0, Ap



Ligth-matter interaction in the long wavelength limit

Using the expansion:

far from charges 
generating the field:

E1 – electric dipole E2 – electric quadrupole M1 – magnetic dipole

(Zeeman term is included)



Absorption from time-dependent perturbation theory

Fermi’s golden rule:

Power loss in unit volume: dI/dz



Order of magnitude estimate of the multipole terms

a – typical length scale of the electron could
v – typical velocity of the electrons
µB – Bohr magneton ma

v




Electric dipole excitations are usually far stronger:



Optical response functions from Kubo formula
When the system is driven by a perturbation

the response can be calculated

Kubo formula:
• works for a general (even 

interacting) system
• close to equilibrium: reponse 

comes from an expectation 
value calculated in equilibrium
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Population of the states Matrix elements Line shape
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Time reversal symmetry

Applications of the Kubo formula



Applications of the Kubo formula

Charge susceptibility and dielectric response
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For non-interacting particles the wave function is a 
(anti-symmetrized) product of single particle states 
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single particle energies and wave functions
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Oscillator strength:



Applications of the Kubo formula

f-sum rule (integral of the intensity) 
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general result

for electric dipole transitions
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Excitations of hydrogen (like) atoms

r

Ze

m

p
H

2

0

2

0 4

1

2 


2
00

2 1

8 na

Ze
En 



),()/(,, 0 m
lYnaZrRmln 




4
),()/(),()'/(

?,,',','

0
'

'0







d

drYnaZrxRYanZrR

mlnxmln

m
l

m
l

s(1) p(3) d (5) ...

Which transitions can be excited? (selection rules)

Solution without the radiation

[wikipedia]



Excitations of hydrogen (like) atoms
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s(1) p(3) d (5) ...

Which transitions can be excited? (selection rules)

Solution without the radiation

m’=m+0,±1
|l’-l|=±1



Excitations of hydrogen (like) atoms
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s(1) p(3) d (5) ...

Solution without the radiation

Balmer series (n=2):
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Doppler broading of atomic lines
Doppler shif of the frequency of the absorption peak

Maxwell-Boltzmann velocity distribution

Gaussian broadening of the absorption peak

GHzTHzTHz
MeV

meV
2.2457105457

930

25 6  

Broadening eg. for Baα (Balmer) at room temperature

[Hansch Sci. Am. (1979)]



Saturation spectroscopy

[Hansch Sci. Am. (1979)]



Fine structure of the hydrogen atom

[Hansch Sci. Am. (1979)]

Spectroscopic notation:

Relativistic corrections from Dirac 
equation split and shift the atomic levels, 
but J remains a good quantum number

The Baα line corresponds to excitations 
from n=2 to n=3
(notation in the figure          )

2S+1LJ

nLJ

2S1/2

2P1/2

2P3/2

3S1/2

3P1/2

3P3/2

3D1/2

3D3/2
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Dielectric response of solids
Charge susceptibility for ω>0:

Unperturbed Hamilton and its solution in 
terms of Bloch functions:
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[wikipedia]
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Matrixelements:
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Dielectric response of solids
Charge susceptibility for ω>0:

Unperturbed Hamilton and its solution in 
terms of Bloch functions:
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Dielectric response of solids
Real part of the optical conductivity

[wikipedia]

)(
2

'

)('

2

2

2

2















cv
k

cv
k cv

f
m

e

V

N

vkpck
m

e

V

N



22 22
vkxck

m
vkpck

m
f cv

cv 






 










/
2

2

1
)(

))((/
2

2
)(

11

222
)(

))(()(

))((
2

2))(()(

2/3

22

2/3

22

222222

2

2

3

3

g
r

cvgcv
rcv

vc
g

vc
gcv

cv

cv
k

cv

E
m

JDOS

kE
md

JDOS

mm

k
E

m

k

m

k
Ek

k
dkk

JDOS

k
kd

kJDOS








































































/
2

2

1
)(

2/3

22 g
r E

m
JDOS 






 






Direct band gap semiconductors

[Grüner&Dressel]



Indirect band gap semiconductors



Excitons
Ge





Applications of the Kubo formula

Sum rule (more generally) 
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